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The design and compensation of control systems can be carried out in time-domain or
trequency-domain, but design and compensation i frequency-domain 15 much simpler. In
frequency-domain, compensation using Bode plots is much simpler than using other plots and
15 discussed in Chapter 9.

State variable approach is the modern direct, time-domain approach for the analvsis and
design of control syvstems. Detailed analvsis of systems using state variables as well as the
controllability and observability of control systems are the topics discussed in Chapter 10,
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Introduction to Control Systems

I.I INTRODUCTION

A system is a collection of objects (components) connected together to serve an objective, or
a system is a combination of components that act together to perform an objective. A control
system is that means by which any quantity of terest in a machine, mechanism, or other
equipment is maintained or altered in accordance with a desired manner, or simply a control
system is a system in which the output gquantity is controlled by varying the input quantity.

A physical system is a collection of physical objects connected together to serve an
objective. No physical system can be represented in its full physical intricacies and. therefore,
idealizing assumptions are always made for the purpose of analysis and synthesis of systems.
An idealized physical system is called a physical model. A physical system can be modelled in
a number of ways depending upon the specific problem to be dealt with and the desired
accuracy. Once a physical model of a physical svstem is obtained, the next step is to obtain a
mathematical model, which is the mathematical representation of the physical model, through
use of appropriate physical laws. Depending upon the choice of variables and the coordinate
system, a given physical model may lead to different mathematical models. A control system
may be modelled as a scalar differential equation describing the system or as a state variable
vector-matrix differential equation. The particular mathematical model which gives a greater
insight into the dvnamic behaviour of the physical system is selected. When the mathematical
model of a physical system is solved for various imput conditions, the result represents the
dynamic response of the system.

Mathematical models of most physical systems are characterized by differential equations.
A mathematical model is linear, if the differential equation describing it has coefficients which
are either function only of the independent variable or are constants. If the coefficients of the
describing differential equation are functions of time (the independent variable). then the
mathematical model is linear time-varying, On the other hand, if the coefficients of the
describing differential equations are constants, the model is linear time-invariant.

1



2  Control Systems

The differential equations describing a linear time-invariant system can be reshaped into
different forms for the convenience of analysis. For example, for transient response or frequency
response analysis of single-input-single-output linear systems, the transfer function
representation forms a useful model. On the other hand, when a system has multiple inputs and
outputs, the vector-matrix notation may be more convenient. The mathematical model of a
system having been obtained, the available mathematical tools can then be utilized for analysis
or synthesis of the system.

Powerful mathematical tools like the Fourier and Laplace transforms are available for use
in linear systems. Unfortunately, no physical system in nature is perfectly linear. Therefore,
certain assumptions must always be made to get a linear model which is a compromise between
the simplicity of the mathematical model and the accuracy of results obtained from it. However,
it may not always be possible to obtain a valid linear model, for example, in the presence of
a strong nonlinearity or in the presence of distributive effects which cannot be represented by
lumped parameters.

1.2 CLASSIFICATION OF CONTROL SYSTEMS

Control svstems may be classified in a number of ways depending on the purpose of
classification.

|. Depending on the hierarchy, control systems may be classified as
{a) Open-loop control systems
{(b) Closed-loop control systems
{c) Optimal control systems
(d) Adaptive control systems
() Learning control systems
2. Depending on the presence of human being as a part of the control system, control
systems may be classified as

(a) Manually controlled systems
(b) Automatic control systems

3. Depending on the presence of feedback, control systems mayv be classified as
(a) Open-loop control systems
(b) Closed-loop control systems or feedback control systems
4. According to the main purpose of the system. control systems may be classified as
{a) Position control systems
(b) Velocity control systems
(c) Process control systems
{d) Temperature control systems
{e) Traffic control systems, etc.
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Feedback control systems may be classified in a number of ways depending on the purpose
of classification.

I. According to the method of analysis and design, control systems may be classified as
linear control systems and nonlinear control systems.

2. Depending on whether the parameters of the system remain constant or vary with time,
control systems may be classified as time-varying control systems or time-invariant
control systems.

3. According to the types of signals used in the system, control systems may be classified as
(a) Continuous-data control systems and discrete-data control systems
{b) ac (modulated) control systems and de¢ (unmodulated) control systems,

4. Depending on the application, control systems may be classified as position control
systems, velocity control systems, process control systems, traffic control systems, etc.

5. Depending on the number of inputs and outputs, control systems may be classified as
single-input-single-output (S150) control systems and multi-input-multi-output {(MIMO)
control systems. MIMO systems are also called multivariable svstems.

6. Depending on the number of open-loop poles of the system transfer function present at
the origin of the s-plane, control systems may by classified as

(a) Type-0
(b) Type-1
(c) Type-2 etc. systems,

7. Depending on the order of the differential equation used to describe the system, control
systems may be classified as first-order control systems, second-order control systems,
etc.

8. Depending on the type of damping, control systems may be classified as

{a) Undamped systems

(b) Underdamped systems
(c) Critically damped systems
(d) Overdamped systems.

1.21 Open-Loop Control Systems

Those systems in which the output has no eflect on the control action, i.e. on the input are called
apen-loop control systems. In other words, in an open-loop control system, the output is neither
measured nor fed back for comparison with the input. Open-loop control systems are not
feedback systems, Any control system that operates on a time basis is open-loop.

In any open-loop control system, the output is not compared with the reference input. Thus,
to each reference input, there corresponds a fixed operating condition; as a result, the accuracy
of the system depends on the calibration. In the presence of disturbances, an open-loop control
system will not perform the desired task because when the output changes due to disturbances,
it is not followed by changes in input to correct the output. In open-loop control systems, the
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changes in output are corrected by changing the input manually. Open-loop control systems can
be wsed in practice only if the relationship between the input and the output is known and if
there are neither internal nor external disturbances. One practical example of an open-loop
control system is a washing machine—soaking, washing and rinsing in the washer operate on
a time basis. The machine does not measure the output signal, i.e. the cleanliness of the clothes.
A traffic control system that operates by means of signals on a time basis is another example
of an open-loop control system. A room heater without any temperature sensing device is also
an example of an open-loop control system. The general block diagram of an open-loop system
is shown in Figure 1.1.

Refrencs Actuating 3 Controlled
imput signal Controlled variable
T Controller » FOCEeSS
[Eplanl:l {output)

Figure 1.1 General block diagram of an open-loop system.

122 Closed-Loop Control Systems

Feedback control systems are often referred to as closed-loop confrol systems. In practice, the
terms. ‘closed-loop control’ and ‘feedback control” are used interchangeably, In a closed-loop
control system, the actuating error signal which is the difference between the input signal and
the feedback signal (which may be the output signal itself or a function of the output signal and
its derivatives and/or integrals) is fed to the controller so as to reduce the error and bring the
output of the system to a desired value. A sysiem that maintains a prescribed relationship
between the output and the reference input by comparing them and using the difference as a
means of control is called a feedback control system. The term ‘closed-loop control” always
implies the use of feedback control action in order to reduce system error.

The general block diagram of an automatic control system is shown in Figure 1.2. It consists
of an error detector, a controller, a plant and feedback path elements.

Error
Reference  detector  Error Actuating

signal Output
7 Plant

signal

Controller

"

Feedback
signal

Feedback path
elements

Figure 1.2 General block diagram of a closed-loop control system.

The reference input corresponds to desired output. The feedback path elements convert the
output to a signal of the same type as that of the reference signal. The feedback signal is
proportional to the output signal and is fed to the error detector. The error signal generated by
the error detector is the difference between the reference signal and the feedback signal. The
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controller modifies and amplifies the error signal to produce better control action. The modified
error signal is fed to the plant to correct its output.

An example of a feedback control syvstem is a room temperature control system. By
measuring the actual room temperature and comparing it with the reference temperature (desired
temperature), the thermostat turns the heating or cooling equipment on or off in such a way as
to ensure that the room temperature remains at a comfortable level regardless of outside
conditions.

The following are some examples of control systems:

Traffic control system: Traffic control by means of traffic signals operated on a time basis
constitutes an open-loop control system. The sequence of control signals is based on a time slot
given for each signal. The time slots are decided based on a traffic study. The system will not
measure the density of the traffic before giving the signals. It gives the signals in sequence as
per the setting irrespective of the actual traffic. Since the time slots do not change according
to traffic density. the system is an open-loop control svstem.

This open-loop tratfic control system can be made as a closed-loop system if the time slots
of the signals are based on the density of traffic. In a closed-loop traffic control system, the
density of the traffic 1s measured on all the sides and the information is fed to a computer. The
timings of the control signals are decided by the computer based on the density of traffic. Since
the closed-loop system dynamically changes the timings, the flow of vehicles will be better than
in that of an open-loop system.

Room heating system: A room heater without any temperature sensing device is an example
of an open-loop control system. In this, an electric furnace is used to heat the room. The output
is the desired room temperature. The temperature of the room is risen by the heat generated by
the heating element. The output temperature depends on the time during which the supply to
the heater remains ON. The ON-OFF time of the heater is set as per some calculation. Whatever
may be the room temperature, after the set time, the heater will be OFF, The actual temperature
15 not compared with the reference temperature and the difference is not used for correction,

The above system becomes a closed-loop system if a thermostat 1s provided to measure the
actual temperature, and the actual temperature is compared with the reference, and the
difference is used to control the timing for which the heater is ON,

Washing machine: A washing machine without any cleanliness measuring system is an
example of an open-loop control system. In this, the soaking, washing, and rinsing in the washer
operate on a time basis. The machine ON time i1s set based on some calculation. The machine
does not measure the output signal, that is the cleanliness of the clothes. Once the set ON time
is over, the machine will automatically stop, whatever may be the level of cleanliness.

This can be a closed-loop control system. if the level of cleanliness can be measured and
compared with the desired cleanliness (reference input) and the difference is used to control the
washing time of the machine,

1.2.3 Closed-Loop System versus Open-Loop System

An open-loop system can be modified as a closed-loop system by providing feedback. The
provision of feedback automatically corrects the changes in output due to disturbances. Hence
the closed-loop control system is called an automatic control system.
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An advantage of the closed-loop control system is the fact that, the use of feedback makes
the system response relatively insensitive to external disturbances and internal variations in
system parameters. It is thus possible to use relatively inaccurate and inexpensive components
to obtain the accurate control of a given plant, whereas doing so is impossible in the case of
the open-loop svstem.

From the point of view of stability, the open-loop control system is easier to build because
system stability is not a major problem. On the other hand, stability is a major problem in the
closed-loop control system, which may tend to overcorrect errors that can cause oscillations of
constant or changing amplitude.

It should be emphasized that for systems in which the inputs are known ahead of time and
in which there are no disturbances, it is advisable to use open-loop control. Closed-loop control
systems have advantages only when unpredictable disturbances and / or unpredictable variations
in system components are present. Mote that the output power rating partially determines the
cost, weight, and size of a control system. The number of components used in a closed-loop
control system is more than that for a corresponding open-loop control system. Thus, the closed-
loop control system is generally higher in cost and power. To decrease the required power of
a system, open-loop control may be used where applicable. A proper combination of open-loop
and closed-loop controls is wsually less expensive and will give satisfactory overall system
performance.

The advantages and disadvantages of open-loop and closed-loop control systems are
summarized in Table 1.1.

Table 1.1  Open-loop vs closed-loop

e n-foap confrof svslem

Clased-loop conirol sysiem

. The open-loop systems are simple and
economical.

2. They consume less power,

. The open-loop systems are g¢asier o construct
because of less number of components
required.

. Stability is not a major problem in open-loop
control  systems. Generally, the open-loop
sysiems are stable.

. The open-loop systems are inaccurale and
unreliable.

. The changes in the outpul dué to exteérnal
disturbances are not comected automatically.
%o they are more sensitive to noise and other
disturbances,

. The closed-loop systems are complex and

costlier.

. They consume more power,
. The closed-loop systems are nol easy 1o

construct  because of more number of
components required.

. Stability is a major problem in closed-loop

control systems and more care is needed to
design a stable closed-loop system.

. The closed-loop systems are accurate and

more reliable.

. The changes in the output due to external

disturbances are corrected automatically. So
they are less sensitive to noise and other
disturbances.

. The feedback reduces the overall gain of the

system.

. The feedback in a closed-loop system may

lead to oscillatory response. because it may
over correct errors, thus causing oscillations

of constant or changing amplitude.
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1.2.4 Linear versus Nonlinear Control Systems

The classification of control systems into linear and nonlinear is made according to the method
of analysis and design. A system is said to be linear, if the principle of superposition applies.
The principle of superposition states that the response produced by the simultaneous application
of two different forcing functions is equal to the sum of the two individual responses. Hence
for the linear system, the response to several inputs can be calculated by treating one input at
a time and adding the results. Strictly speaking, linear systems do not exist in practice, since
all physical systems are nonlinear to some extent. Linear feedback control systems are idealized
models fabricated by the analyst purely for the simplicity of analvsis and design. When the
magnitudes of signals in a control system are limited to ranges in which system components
exhibit linear characteristics, the system is essentially linear, but when the magnitudes of signals
are extended beyond the range of the linear operation, depending on the severity of the
nonlinearity, the system should no longer be considered linear. Common nonlinear effects
focused in control systems are saturation, backlash, dead play between coupled gear members,
nonlinear spring characteristics. nonlinear friction force or torque between moving members, and
50 on. Quite often, nonlinear characteristics are intentionally introduced in a control system to
improve its performance, or to provide more effective control. For instance, to achieve minimum
lime control, an on-off type of controller is used in many missile or spacecraft control systems.

For linear systems, there exist a wealth of analytical and graphical technigues for design and
analysis purposes. Nonlinear systems on the other hand are usually difficult to treat
mathematically, and there are no general methods available for solving a wide class of nonlinear
control systems.

1.2.5 Time-Invariant versus Time-Varying Control Systems

When the parameters of a control system are stationary with respect to time during the operation
of the system, the system is called a time-invariant system. If the parameters of a control svstem
vary with respect to time during the operation of the system, the system is called a fime-varyving
sysfem. In practice, most physical systems contain elements that drift or vary with time. For
example, the winding resistance of an electric motor will vary when the motor is first being
excited and its temperature is rising. Another example of a time-varying system is a guided
missile control system in which the mass of the missile decreases as the fuel on board is being
consumed during flight. The analysis and design of linear time-varying systems are usually
much more complex than that of the linear time-invariant systems.

1.26 Continuous-Data versus Discrete-Data Control Systems

A continuous-data control system is one in which the signals at various parts of the system are
all functions of the continuous time variable and among all continuous-data control systems, the
signals may be further classified as ac or dc. An ac control system usually means that the signals
in the system are modulated by some form of modulation scheme. On the other hand, when a
dc control system is referred to, it does not mean that all the signals in the system are
umdirectional, then there would be no corrective control movement, A dc control system simply
implies that the signals are unmodulated, but they are still ac signals according to the
conventional definition.
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In practice, not all control systems are strictly of the ac or de tvpe. A system may
incorporate a mixture of ac and de components using modulators and demodulators to match
the signals at various points in the system.

Discrete-data control systems differ from the continuous-data control systems in that the
signals at one or more points of the system are in the form of either a pulse train or digital code.
Usually discrete-data control systems are subdivided into sampled-data control systems and
digital control systems. Sampled-data control systems refer to a more general class of discrete-
data control systems, in which the signals are in the form of pulse data. A digital control system
refers to the use of a digital computer or controller in the system so that the signals are digitally
coded, such as in binary code. In general, a sampled-data control system receives data or
information only intermittently at specific instants of time. Strictly, a sampled-data system can
also be classified as an ac system, since the signal of the system is pulse modulated.

Sampling may be inherent or intentional. There are many advantages of incorporating
sampling into a control system. One important advantage of the sampling operation is that
expensive equipment used in the system may be time shared among several control channels.
Another advantage 1s that pulse data are usually less susceptible to noise.

Because digital computers provide many advantages in size and flexibility, computer
control has become increasingly popular in recent vears.

1.3 WHAT FEEDBACK IS AND WHAT ITS EFFECTS ARE

One use of teedback is for the purpose of reducing the error between the reference input and
the system output. The reduction of system error is merely one of the many important effects
that feedback may have upon a system. Feedback also has effects on such system performance
characteristics as stability, bandwidth, overall gain, disturbance and sensitivity.

When feedback is deliberately introduced for the purpose of control, its existence is easily
identified. However, there are numerous situations wherein a physical system that we normally
recognize as an inherently nonfeedback system turns out to have feedback when it is observed
in a certain manner.

In general, we can state that whenever a closed sequence of cause-and-effect relationships
exist among the variables of a system, feedback is said to exist. This view point will inevitably
admit feedback in a large number of systems that ordinarily would be identified as nonfeedback
systems.

i ;
=) Gla)  |— (5} o — ™ - -+
+ "' £ O ¢
. —j —a— b - - -
His)
L] . -
H
- »
|

Figure 1.3 Feedback system with one feedback loop.
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The input-output relation of a single loop control system shown in Figure 1.3 is given by

Y -
r 1+GH

(1.1)

1.3.1 Effect of Feedback on Overall Gain

As seen from Eq. (1.1), feedback affects the gain & of a nonfeedback svstem by a factor
/(1 + GH). The system of Figure 1.3 is said to have negative feedback, since a minus sign is
assigned to the feedback signal. The quantity Gff may itself include a negative sign. so the
general effect of feedback is that it may increase or decrease the gain. In a practical control
system, (& and / are functions of frequency, so the magnitude of 1 + Gff may be greater than
1 in one frequency range but less than 1 in another. Therefore, feedback could increase the
system gain in one frequency range but decrease it in another.

1.3.2 Effect of Feedback on Stability

Stability is a notion that describes whether the svstem will be able to follow the input command,
or be used in general. In a nonrigorous manner, a system is said to be unstable if its output is
out of control. To investigate the effect of feedback on stability, refer to Eq. (1.1). If GH = -1,
the output of the system is infinite for any finite input and the system is said to be unstable.
Therefore, we may state that feedback can cause a system that is originally stable to become
unstable. Certainly, feedback is a two-edged sword, when used improperly, it can be harmful.
In general, GH = -1 is not the only condition for unstability.

One of the advantages of incorporating feedback 1s that 1t can stabilize an unstable system.
Let us assume that the feedback system shown in Figure 1.3 is unstable because GH = 1. If
we introduce another feedback loop through a negative feedback gain of F as shown in
Figure 1.4, the input-output relation of the overall system i1s

& ir

-= }2
r 1+GH +GF (1-2)
Cl:-ﬂ -+ T T L L . = L I
G(s) —e—e—» ¥ £ o s
J _ T = =la& e ’ .-
H(s)
L L
, H
8 . .
. .
F
- L

Figure 1.4 Feedback system with two feedback loops.
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It is apparent that althouph the propertizs of G and K arz such that the inner loop feedback
system is unstable, because CH = -1, the overall system can be stable by proper selection of
the outer loop feedback gain F. In practice, GH is a function of frequency, and the stability
cordition of the closed-loop system depends on the magnitude and phase of GH. So we can
corclude that feedback can improve siability or be harmful to stability if it is not applied

properly.
1.3.3 Effect of Fredback on External Disturbance or Noise

All physical systems are subject 10 some types of extraneous signals or noise during operation.
Examples of these signals are thermal noise voltage in electronic circuits and brush or
commutator noise in electric motors. External disturbances, for 2xample wind gust acting on an
antznna, are also quite commen in centrol systems. Therefore, in the design of a control system,
considerations should be given so that the system is insznsitive to noise and disturbances and
sensitive o input commands.

The effect of teedback on nosse and disturbance depends greatly on where these exiraneous
signals occur in the system. ™o general conclusions can be reached, but in many situations,
feedback can reduce the effect of noise and disturbance on system performance. Refer 1o
Figure 1.5 in which r denotes the command signal and » is the noise signal. In the absence of
feedback, H = 0, the cutput ¢ due to » acting alone is

¢ =G (1.3)
With the presence of feedback, the system outpul due o » aciing alone is

C -LH
1+ GG, (14
Comparing Eqgs. (13) and (1 4}, we can conclude that the noise component in the output of

Eq.(1.4) is reduced by a factor | + G-, if the latter is greater than unity and the system
is kept stable.

- -

Figure 1.5 Feedback sysem with noise signal.
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1.3.4 Effect of Feedback on Sensitivity

Sensitivity considerations often are important in the design of control systems. Since all physical
elements have properties that change with environment and age, we cannot always consider the
parameters of a control system to be completely stationary over the entire operating life of the
system. For instance, the winding resistance of an electric motor changes as the temperature of
the motor rises during operation.

In general, a good control system should be very insensitive to parameter variations but
sensitive to input commands. Let us investigate what effect feedback has on the sensitivity to
parameter variations. Referring to the general block diagram of a closed-loop control system of
Figure 1.3, we consider (7 to be a gain parameter that may vary. The sensitivity of the gain of
the overall system, M, to the variation in ¢ is defined as

oM dMIM _ Percentage change in M

i

- = 1.5
d(i/(;  Percenlage change in (7 (1.3)

where dM denotes the incremental change in A due to the incremental change in &, JG.

w OM G 1
e e OSSR P (1.6)
dG M 1+ GH
This relation shows that if GH is a positive constant, the magnitude of the sensitivity
function can be made arbitrarily small by increasing ff, provided that the system remains
stable. It is apparent that in an open-loop system, the gain of the system will respond in a one-

to-one fashion to the vanation in . (i.e. 5':;’ = 1). In practice, GH is a function of frequency:
The magnitude of | + G may be less than unity over some frequency ranges, so that feedback
could be harmful to the sensitivity to parameter variations in certain cases. In general, the
sensitivity of the system gain of a feedback system to parameter variations depends on where
the parameter is located.

.4 SERVOMECHANISM

In modern usage, the term servomechanism or servo is restricted to feedback control systems
in which the controlled variable is mechanical position or time derivatives of position, e.g.
veloeity and acceleration. Few servo mechanisms are illustrated below.

141 Automatic Tank Level Control System

Figure 1.6 shows an automatic tank level control system. The purpose of this system is to
maintain the liquid level /1 (output) in the tank as close to the desired liguid level A as possible,
even when the output flow rate is varied by opening the valve F,;. This has to be done by
controlling the opening of the valve 5. The potentiometer acts as an error detector. The slider
arm A is positioned corresponding to the desired liquid level & (the reference input). The power
amplifier and the motor drive form the control elements. The float forms the feedback path
element. The valve I; to be controlled is the plant.
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The liquid level is sensed by a float and it positions the slider arm B on the potentiometer.
When the liquid level rises or falls, the potentiometer gives an error voltage proportional to the
change in liquid level. The error voltage actuates the motor through a power amplifier which
in turn conditions the plant (i.e. decreases or increases the opening of the valve F5) in order to
restore the desired liguid level. Thus, the control system automatically attempts to correct any
deviation between the actual and desired liquid levels in the tank.

Mechanical link

e e e e 6 S v,
Error detector
{potentiometers)
': A B
- | Moter | Power Error
drive | | amplifier | voltage
¥

Figure 1.6 Automatic tank level control system.

14.2 A Position Control System

Figure 1.7 shows a servosystem used to position a load shafi. In this, the driving motor is geared
to the load to be moved. The potentiometer is used as the error detector, The output and desired

Generator  Motor {constant)
ir
Amplifier g s oL
_ {jears

5| o=

| oy e

B B
Input - Feedback
potentiometer potentiometer

Figure 1.T A position control system.
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positions &- and &y respectively are measured and compared by the potentiometer pair whose
output voltage ¥y is proportional to the error in angular position #: = &, — 8. The voltage
Vi = Kp#fp is amplified and is used to control the held current of a de generator, which supplies
armature voltage to the driving motor.

The position control systems have innumerable applications, namely machine tool position
control, control of sheet metal thickness in hot rolling mills, radar tracking systems, missile
guidance systems, etc.

14.3 DC Closed-Loop Control System

Figure 1.8 shows a typical dc (unmodulated) control system. The output signal &, represents the
actual load position and the reference input & represents the desired position of the load. A
potentiometer error detector is used. The electrical error signal proportional to the difference in
the positions of the actual and desired load positions is amplified by the de amplifier and this
output drives the dc motor which in turn through the gear box decides the position of the load.
The signals are all unmodulated (i.e. dc).

&

"  DC motor
=1
g,
- D'?.. L Lad
amplifier
i * P =
¢ NS T €,
Reference input Error detector P
: + e o' S T
8 — Vi
' * g = e, \, Controlled
6.4 - a4 variable
t i
i . (1 .

Figure 1.8 Schematic diagram of a typical dc closed-loop system.

144 AC Closed-Loop Control System

Figure 1.9 shows the schematic diagram of a typical ac control system. The output signal &,
representing the load position is applied to the synchro control transformer. The reference mput
&, representing the desired output is applied to the synchro transmitter. The synchro pair acts
as an error detector. The error signal is amplified by an ac amplifier and drives the ac
servomotor which in turn positions the load through the gear box. The signals in this svstem
are modulated (i.e. ac type).
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Synchro €2 $AC
Synchro transmitter  control transformer |

AC Crear ;
L 2 { : — —o— Load
amplifier | ' box

i {

Figure 19 Schematic diagram of a typical ac closed-loop control system.

SHORT QUESTIONS AND ANSWERS

1. What do vou mean by a system?
A. A system is a collection of objects (components) connected together to serve an objective,

or a system is a combination of components that act together to perform a certain
objective,

2. What do vou mean by a control system?

A. A control system is that means by which any quantity of interest in a machine, mechanism,
or some other equipment is maintained or altered in accordance with a desired manner. or
A control system is a system in which the output quantity is controlled by varving the input
quantity.

3. What do vou mean by a physical system?

A. A physical system is a collection of physical objects connected together to serve an
objective,

4. What do yvou mean by a physical model?

A. An idealized physical system is called a physical model.

5. What do vou mean by a mathematical model?

2

The mathematical representation of the physical model is called the mathematical model.
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10,

When do vou say that the mathematical model is linear?

. A mathematical model is said to be linear, if the differential equation describing it has

coefficients which are either functions only of the independent variable or are constants.

When do vou say that the model is linear time-varying?

. If the coefficients of the differential equation describing a system are functions of time

(the independent variable), then the mathematical model is said to be linear time varving.

When do vou say that the model is linear time-invariant?

. If the coefficients of the differential equation describing a system are constants, then the

model is said to be linear time-invariant.

How are control systems classified?
Control systems may be classified in a number of ways depending on the purpose of
classification.
(a) Based on the hierarchy, control systems may be classified as
(i) open-loop control systems
(ii) closed-loop control systems
(iii) optimal control systems
{iv) adaptive control svstems
{v) learning control systems
{(b) Based on the presence of human being as part of the system, control systems may be
classified as
(i) manually controlled systems
(ii) automatic control systems

{c) Depending on the presence of feedback, control systems may be classified as

(i) open-loop control systems
(ii) closed-loop control systems or feedback control systems

{d) Based on the main purpose of the system, control systems may be classified as

(i) position control systems
(ii) velocity control systems
{n1) trathe control systems
{iv) temperature control svstems, etc.

How are feedback control systems classified?

Feedback control systems may be classified in a number of ways depending on the

purpose of classification.

{a) According to the method of analysis and design. control systems may be classified as
linear control systems and nonlinear control systems.

{(b) Depending on whether the parameters of the system remain constant or vary with
time, control svstems may be classified as time-invariant control systems and time-
varying control systems.
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{¢) According to the types of signals used in the svstem, control systems may be classified
as continuous-data control  systems and discrete-data control  systems or
ac (modulated) control systems and dc (unmodulated) control systems.

(d) Depending on the application, control systems may be classified as position control
systems, velocity control systems, etc.

{e) Depending on the number of inputs and outputs, control systems may be classified as
single-input-single-output (5150) control systems and multi-input-multi-output
(MIMO) control systems. MIMO svstems are also called multivariable systems.

() Depending on the number of open-loop poles of the svstem transfer function present
at the origin of the s-plane, control systems may by classified as

(i} Type-0
(ii) Type-1,
(1) Type-2, etc. control systems.

{g) Depending on the order of the differential equation used to describe the system,
control systems may be classified as first-order control systems, second-order control
systems, etc.

(h) Depending on the type of damping. control systems may be classified as

(i) undamped systems,

(i1) underdamped systems,
(ii1) criticallydamped systems, and
{iv) overdamped systems.

. What are the two major types of control svstems?
. The two major types of control systems are (a) open-loop control systems and (b) closed-

loop control systems.

What do you mean by an open-loop control system?

A. An open-loop control system is one in which the output quantity has no effect on the input

13.

14.

15.

16.

quantity, that means, the output is not fed back to the input for correction, i.e. a system
in which there is no feedback is called an open-loop control system.

What do vou mean by a closed-loop control system?

. A closed-loop control system is one in which the output has an effect on the input. The

output is fed back, compared with the reference input and the difference between them is
used to control and bring the output of the system to a desired level.

What do yvou mean by feedback?

. Feedback is a control action in which the output is sampled and a proportional signal is

given to input for automatic correction of any changes in system output.

Which feedback is emploved in control systems?
Megative feedback is emploved in control systems.

What are the basic components of a closed-loop control system?

. The basic components of a feedback control system are: plant, feedback path elements,

error detector and controller.



Introduction to Gontol Systems 17

17. Why negative feedback is preferred in contral systems?
A. Negarive feedback is invariably preferred in closed-laop control systems becauss negative

19.

20.
. Comparison of open-loop and closed-loop control systems is given in the following table:

21

22

23

feadback results in better stability in steady-state and rejects any disturbance signals. It
also has low sensitivity to parameter variations.

What are the characteristics of negative feedback?

The characteristics of negalive feecback are as follows:

(a) Accuracy in tracking steady-state value

(b) Rejection of disturbance signals

(c) Low sensitivily W parameler varialions

(d) Reduction in gain at the expense of betier stability

What is the effzct of positive feedback on stability”

The effect of pesitive feedback on stability is—pcositive feedback increases the error signal
and drives the output to instability, but some times pesitive feedback is used in minor
loops in control systems to amglify certain intemal signals or parameters,

Compare open-loop and closed-loop control systems.

Open-loop control systems Closed-inap controf systems

1. Inaccurate and unreliable. 1. Accurate and reliable.

2. Consume less power, 2. Consume more power.

3. Simple and economical 3. Complex and costlier.

4. The changes in output due to external 4, The changes in cutput due jo extemnal
disturbances are nol corrected disturbances are corrected automatically.
automatically.

5. They arc gencrally stable. 5. Efforts arc needed to design a stable

syatem.

Distinguish between linear and nonlinear control systems.

A linzar control system is one for which the principle of superpcsition and the principle
of homogeneity are valid and a nonlinear conrol system is one for which the principle of
superposition and the principle of homogeneity are not valid.

State the principle of superposition.

The principle of superposition stares that the response produced by the simultaneous
application of two different forcing functions is equal to the sum of the two individual
responses.

Distinguish between time-invariant and time-varving control systems.

A time-invariant control system is one in which the parameters of the system are
stationary with respect to time during the operation of the system. [ts output characteristics
do not change with time and it can be represented by constant coefficient differential
equations.
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24.

27.

28.

29,

30.

A time-varying control system is one in which the parameters of the system are not
stationary with respect to time during the operation of the system, i.e. the parameters of
the system vary with time. Its output characteristics change with time and the coefficients
of its differential equation are functions of time.

Distinguish between continuous-data and discrete-data control systems.

. A continuous-data control system is one in which the signals at various parts of the system

are all functions of the continuous time variable,

A discrete-data control system is one in which the signals at one or more points in the
system are either in the form of a pulse train or a digital code.

. Distinguish between ac and de control systems.

. The ac conirol systems are those in which the signals are modulated. The dc conirol

systems are those in which the signals are not pure dc, but they are unmodulated.

. Distinguish between sampled-data and digital control svstems.

A sampled-data control system refers to a more general class of discrete-data control
systems in which the signals are in the form of pulsed-data.

A digital control system is one which uses a digital computer or controller so that the
signals are digitally coded.

What is the advantage of sampling?

Omne important advantage of the sampling operation is that expensive equipment used in
the system may be time shared among several control channels.

What is the effect of feedback on overall gain?

. The feedback affects the gain & of a nonfeedback system by a factor 1/(] + GH). In a

practical control system, & and / are functions of frequency. so the magnitude of 1 + GH
may be greater than 1 in one frequency range but less than 1 in another. Therelore,
feedback could increase the system gain in one frequency range but decrease it in another.

What is the effect of feedback on stability?

Feedback may cause a system that is originally stable to become unstable, In some cases
teedback can stabilise an unstable system. So feedback is a two-edged sword, when used
improperly it can be harmiul.

What i1s the effect of feedback on external disturbance?

. The effect of feedback on noise and disturbance depends greatly on where these

extraneous signals occur in the system. No general conclusions can be reached, but in
many situations feedback can reduce the effect of noise and disturbance on system
performance.

. What is the effect of feedback on sensitivity?

In general, a good control system should be very insensitive to parameter variations but
sensitive to input commands. Feedback could be harmful to the sensitivity to parameter
variations in certain cases, In general, the sensitivity of the system gain of a feedback
system to parameter variations depends on where the parameter is located.
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o=

10.

12.

13.

14.

16.

REVIEW QUESTIONS

With a neat diagram explain the working of an automatic tank level control system.
With a neat diagram explain the working of a position control system.

With a neat diagram explain the working of a dc position control system.

With a neat diagram explain the working of an ac position control system.

FILL IN THE BLANKS

A physical system is a collection of connected together.

An idealized physical system is called a

The mathematical representation of the is called the mathematical model.
Based on the hierarchy, control systems may be classified as (i)
{ii) (1ii) {1v) and (v)
Based on the presence of human being as part of the system. control systems may be
classified as (i) and (i)

Depending on the presence of feedback, control systems may be classified as
(i) and (ii)

Based on the main purpose of the system, control systems may be classified as
(i) (1) (iii) , etc.

According to the method of analysis and design, control systems may be classified as
(i) and (ii)

Depending on whether the parameters of the system remain constant or vary with time,
control systems may be classified as (i) and (ii)

According to the type of signals used in the system, control systems may be classified as
(i) and (i) or (i) and (ii)

Depending on the application, control systems may be classified as (i)
{11) (11i) . ete.

Depending on the number of inputs and outputs, control systems may be classified as
(i) and (ii)

Depending on the number of open-loop poles of the system transfer function present at
the origin of the s-plane, control systems may be classified as (i) (i)

(i1} systems, etc.

Depending on the order of the differential equation used to describe the system, control
systems may be classified as (i) {it) (1ii) ete.,

. Depending on the type of damping, control systems may be classified as (i)

(i) (i) and (iv)
The two major types of control systems are (i) and (i)
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17. An open-loop control system is one in which the has no effect on the
18. A closed-loop control system is one in which the has an effect on the
19, feedback is employed in control systems.
20. The basic components of a feedback control system are (i) (i)
(i) and (iv)
21. A linear control system is one for which the and the are valid.
22. In ac systems, the signals are whereas in dc systems the signals are
23. Sampling may be or

Answers to Fill in the Blanks

1. physical objects 2. physical model 3. physical model 4. (i) open-loop control systems,
(11) closed-loop control systems, (iil) optimal control svstems, (iv) adaptive control systems,
(v) learning control systems 5. (i) manually controlled systems. (ii) automatic control
systems 6. (1) open-loop control systems. (ii) closed-loop control systems 7. (i) position
control systems, (ii) velocity control systems, (iii) traffic control systems, etc. 8. (i) linear
control systems, (ii) nonlinear control systems 9. (i) time-varying control systems, (ii) time-
invariant control systems 10. (i) continuous-data control systems. (ii) discrete-data control
systems. or (i) ac control systems. (ii) dc control systems 1L (i) position control systems,
(11) velocity control systems, (iii) traffic control systems, etc. 12, (i) single-input-single-output
control systems, (ii) multi-input-multi-output control systems 13. (1) type-0, (i) tvpe-1,
(i) type-2 14, (i) first-order control systems, (ii) second-order control svstems, (i) third-
order control systems, etc. 15, (i) undamped systems, (ii) underdamped systems, {iii) critically-
damped systems, (iv) overdamped systems 16. (i) open-loop control systems, (ii) closed-loop
control systems 17. output quantity, input quantity 18. output, input 19. negative
20. (i) plant, (ii) feedback path elements, (iii) error detector, (iv) controller 21, principle of
superposition, principle of homogeneity 22. modulated, unmodulated 23. intentional,
inherent.
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Mathematical Models
of Physical Systems

2.1 MODELLING OF MECHANICAL SYSTEM ELEMENTS

Most control systems contain mechanical as well as electrical companents, although some
systems even have hydraulic and pnewmatic elements. From a mathematical view point, the
descriptions of mechanical and electrical elements are analogous. In fact, we can show that
given an electrical device, there is usually an analogous mechanical counterpart mathematically
and vice versa.

The motion of mechaniczl elements can be described in various dimensions as translational,
rotational, or combinations. The equations governing the motion of mechanical systems are
ofien formulated directly or indirectly from Newton's law of motlon, Mechanical translarional
systems are those in which the motion takes place along a straight line. The variables that are
usad 1o describe the translational motion are acceleration, velosity and displacement. Mewton's
law of motion for translational systems states that the algebraic sum of forces acting on a rigid
body in a given direction is 2qual to the product of the mass of the body and its acceleration
in the same direction. This law car be expressed as
dv(t) . d’x(r)

t—9 M 3
dr dr
where M denotes the mass of the body and a(r) is the acceleration of the body in the direction
considered, (¢} is the linear velociy of the body and x(r) is the displacement of the body.

Mechanical translational systems are modelled by three ideal elements: mass, spring, and

damper.

Y Forces = Ma(1)= M

1. Mass: Mass is considered as a property of an clement that stores the kinetic energy of
translation motion. If ¥ denotes the weight of a body, the mass Af is given by
W
M=—
g
where g is the acceleration of free fall of the body due to gravity. One end of mass is always

connected to tha ground.
21
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1. Linear Spring: In prectice, a linear spring mav bz a mode| of a natural spring or &
compliance of a cable or bzlt. In general, a spring is considered to be an element that stores
potential energy. All springs in real life are nonlinear to some extent. However, if the
deformation of the spring is small, its behaviour can be approximated by a linear relationship.

J. Friction: Whenever there is motion or tendzncy of motion between two physical elements,
frictional forces exist. The frictional forces encountered in physical systems are usually of &
nonlinear nature. Three different types of friciion are commonly used in practical systems
viscous friction, static friction and cculomb friction.

(a) Coulomb friction jorce: This is the force of sliding friction between drv surfaces.
Coulomb friction force is substantially constant.

(b) Viscous jriction force. This is the force of friction bztween moving surfaces sepa-
rated by viscous fluid or the force berween a solld body and a fluld medlum. Viscous
friction force is approximately lincarly proportional to velocity over a certain limited
velocity range,

(c) Stiction: This is the force required to inibate motion between two cantacting surfaces,

In most physical situations of interesl, the viscous friction predominates. The friction force

acts in a direction opposite to that of velocity, The element for viscous friction is often repre-
sented by a dash pot

The translational elements and the corresponding equations of motion are shown in

Figure 2.1(a).

1. The mass element
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S Xyt F=Kx-Xx)=Kx
—=vyli) valr} F -
F{f) — o— )00 —e =KI (v =y ) el =K[ el
K sy —_—

3. The damper element
ety x3ff)
’:nm ’::":'['] F=fly-wni=f
A—r—i - =flg -)=fx

The urits are x(m), vim/s), Mikg), FN)L K(Nm). AIN/m/s)
Figure 2.1(a) Ideal elemznis for mechanical transiational systems,
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Mechanical rotational systems are those in which the motion is about a fixed axis. Newton's
law of motion for rotational systems states that the algebraic sum of moments or torques about
a fixed axis is equal to the product of the inertia and the angular acceleration about the axis; or

detry _d°8(0)
=J
dr di?

where &) is the angular displacement, @(r) is the angular velocity and a(r) is the angular
acceleration.

ZTurqm:s =Ja(t)=J

Mechanical rotational systems are modelled by three ideal elements: inertia, torsional
spring. and damper.

1. Inertia: Inertia, ./, is considered to be the property of an element that stores the Kinetic
energy of rotational motion. The inertia of a given element depends on the geometric compo-
sition about the axis of rotation and its density. One end of the inertia element is always
connected to ground.

2. Torsional spring: As with the linear spring for translational motion, a torsional spring
constant K can be deviced to represent the compliance of a rod or a shaft when it is subjected
to an applied Torque.

3. Friction: The three tyvpes of friction for rotational systems are (a) coulomb friction,
(b) viscous friction, and (c) stiction—same as for translational systems. Out of these three,
viscous friction is the dominant one. This element 15 often represented by a dash pot,

The rotational elements and the corresponding equations of motion are shown in
Figure 2.1(b).

I. The inertia element

YT oo
= dt dr’

@, 6 Reference

2. The torsional spring element

I 0.6 o0 K| @-o)a=K| o

3. The damper element

o™ = fo- o3y fa

, ]
vl Tt = f(6,—6,) = [6

T o6 J ., 8,
The units are & (rad), @ (rad/s), J (kg-m?), T (N-m), K (N-m/rad), / (N-m/rad/s)
Figure 2.1(b) Ideal elements for mechanical rotational systems.
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2.1.1 Translational Sysiems

Consider the mechanical system shown in Figure 2.2 (a). It is simply a mass M attached 0 &
spring (stiffness K) and a dash pot (viscous friction coefficient /) on which the foice F acts
Displacament x iz positive in the direction shown. Let v be the velocity. The zero position is
taken to be at the point where the spring and mass are in static equilibrium,

v

T 1 omed

{a) i) ie)
Figure 22 (a) Transiational syslem, (b) free-body diagram, and (c) mechancal netwark.

The systematic way of analyzing such a system 's to draw a free-body diagram or
mechanical network as shown in Figures 2.2(b) and 2.2(c) respectively. Then, by applying
Newton's law of motion (which states that the algebraic sum cf the forces acting on a rigid body
in a given direction is equal to the product of the mass of the body and its acceleration in the
same direction) to the free-body diagram or mechanical nerwork, the force equation can be
writlen in terms of displacement » or velocity v as follows:

2

d d*: 4 d
F—f-'i'-K'[=M ,T or F:M~——f—+f——r+!{x
de it < i ot
ie. F fo x_[pd.-=ud" or F=M£+ﬁ+fjvd.r
dt dr

This is a linear, constant coefTicient differential equation deseribing the dynamics of the
mechanical system shown in Figure 2.2(a).

The free-body diagram is drawn like this: the free-body diagram for a translational system
indicates the elements masses M and all the forces acting on them. For the system shown in
Figure 2.2(a), there is only one mass M An extemnal force F is acting on it to maove it by 2
distance x or with a velocity v. This motion is opposed by the force components of mass M, i.e.
M and the forcz components due to spring, i.e. Kx and damper, i.e. fi. So, the free-body
diagram is as shown in Figure 2.2(b).

In the free-body diagram, F is the exiernal force applied on the mass AL, It is being opposed
by the forces fx and Av. The algebraic sum of these three forces, i.e. F— Kx - f1 5 equal
to the product of the wass and acceleraion of e body, e, MY . Therelore,
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F-Ki—fi=M¥

is the governing equation,

The mechanical network for the given translational system of Figure 2.2(a) is drawn like
this: one end of F is to be grounded. Also one end of A is to be grounded. So one end of F
and M is grounded. The other end of F iz connected to the other end of Af because F is applied
on M. In the mecharnical system, one end of X and f is grounded and the other ends of K and
[ are connected to the free end of M. So in the mechanical network also one end of & and f
is grounded and the other ends are connected lo the free end of AL

Once a mechanical network is drawn. the differential equations can be writien very essily
at each node assuming that the displacement or velocity at the node under consideration is
higher than the displacement or velocity at all other nodes. In Figure 2.2, only one node is there,
the other node is the reference or ground nede. Ouly exterpal [urce F is towards the node. All
other forces, le. M¥, fi and Kx are directed away from the node. Now the differential
equation is like KCL equation for electrical circuits which savs that the sum of currents zoming
into the node is equel to the sum of currents going out o the node. The force components are
similar to currents. Therefore the force #(r) directad :owards the node is equal to the sum of
the force components M¥. fi and Kx directed away from the node. Therefore. the equation
of motion is

d’x

F=MZ2
o

dx
i e 5
ta B

21.2 Rotational Systems

Consider the mechanical rotational system shown in Figure 2.3(a) which consists of a rotatable
disc of moment of inertia Jand a shaft of stiffness K. The disc rotates in a viscous medium with
viscous friction coefficient f.

i
i)
it

Disc . — T s »
J]-..-
Shaft / \\i Kﬁ {f: 8 l

b
suﬂhmxz i /v';mu} N T? rg) u j}‘ >

() ib) )
Flgure 2.3 (a Rotaticnal system, (b) Tee-body diagram, and (c) mechanical network.

L LS EL LTS

Let T be the applied torque which tends to rotate the disc. The free-body diagrem and the
mechanical network are shown in Figure 2.3(b) and Figure 2.3(c) respeciively.

The free-body diagram is drawn like this: the free-body diagram for a rotational system
indicates the inertia elements J and all the torques acting on them. For the system shown in
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Figure 2.3(a), there is only one inertia element .. An external torque T is acting on it to move
it by an angle @ or with an angular velocity @. This angular motion is opposed by the torque

component of ./, i.e. /& and the torque components due to damper, ie. f@ and spring. ie. K8,

So the free-body diagram is drawn as shown ir Figure 2.3(k).
In the free-body diagram, T is the external torque applied on the inertia JJ. It is being

opposed by the torques 7@ and K. The algzbraic sum of these three torques is T— f§ - K@
which is equal to the product of the inertia and anpular accelaration of the bady, ie 6.
Therzfore,

da’e

dr’

de
T-f—-Ké=1
f—r—k8

is the governing equation.

The mechanical network for the given rotaticnal system of Figure 1.3(a) is drawn like
this: onz end of 7" is to be grounded. Also one end of J is to be connected to ground. So
one end of T and J is grounded, The other end of T is connecied to the other end of J
because T is applied on /. In the mechanical system of Figure 2.3(a). one end of fand K
is grounded and the other ends czre connected to tha free end of J. So in the mechanical
natwork also one end of fand K is grounded and the ather end is connected to the frze end
of J.

Once a2 mechanical network is drawn, the differential equations can be written very
easily at each node essuming that the angular displacement or angular velocity at the node
under consideration is higher than the angular displacement or angular velocity at all
other nodes. In Figure 2.3 only ore mode is there, (e other node is the reference or

ground node. Only external torque T is towards the node. All other torques, i.e. 78, f8
and K6 arz directed away from the node. Now the differential equation is like KCL
equation for electrical circuits which says that the sum of currenis coming into the node
is equal to the sum of currenis going out of the node, The torque components are similar
to currents. Therefore, the torque 7" directed towards the node is equal to the sum of the

torque components J@, f g and K6 directed away from the node. Therefore, the equation
ol motion is
2 y
p=gB.% . 028 xo
dt” dr

2.2 ELECTRICAL SYSTEMS

The resistor, industor, and capacitor are the three basic clements of elecirical eircuits. These
circuits are analyzed by the application of Kirchoff™s voltage and current laws. Out of these
three basic elements, inductor and capacitor are the energy storage elements and resistor is the
energy dissipative element.
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Consider th2 B-I-{" series circoit shown in Figure 2.4(a}. The equations describing the
behaviour of the system in terms of current are as follows:

L—+m+fjm

e, = é—jl‘di

e, =f

i [

In terms of electric charge, ¢ = _[:'d'r. the describing equatiors are as follows

]E..Idl-fjr + Rgg--r'—th'
di” dt
.
¢
L " . N
T+ l T-'-
Voltage HN s C t e
Eﬂur\i:ge & e qg:_ri: D T —C e
rl AL
+ = i "

{ai
Figure 2.4 (2) R-L-C series circut and (b) R-L-C paraclh:i circut

Similarly, for the R-L-C parallel circuil shown in Figure 2 4(b), the describing equation in
terms of voliage using Kirchoff™s current law is as follows
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1.3 ANALOGOUS SYSTEMS

Comparing equations for the mechanical translational system or for the mechanical roational
system and for the serics clectrical system, it is seen that they are of identical form. Such
systems whose differential equations are of identical form are called anclogous systems. The
force F (torque T) z=nd voltage e are the analogous variables here. This is called the force
(torquel-voltage analogy. A list of analogous variables in this analogy is given in Table 2.1,

Table 2.1 Analogous quantties in force (lorquejvollage anzlogy

Mechanical Mechanical Elecerical system
translational rystem rotational sysiem

Force I Torque T Voltage ¢

Mags W Moment of inertia [ Inductance f

Viscous friction coefficient f Viscous friction coefficient f Resistance K

Spring stiffness K Torsionel spring stiffness K Reciprocal of capacitance [/C
Displacement x Angular displacement & Charge g

Velocity v Angular velocity Current

Similarly, comparing equarions for the mechanical itransiational sysiem or for the
mechanical rotational system and for the parallel clectrical system, it is seen that they are of
identical form. In this case, force F (torque T) and current i are the analogous variables. This

iz called the force (torque)-current analogy. A list of analogous quantities in this analogy is given
in Table 2.2.

Table 22 AnalogoLs quantiies in force (torquel-cument analogy

Mechanical Mecharmical Electrical svstem
translationat system rotational svsiem

Fotce & Torgue I Current |
Mass L Moment of inertia J Capacitance
Viscous friction coeflicient [ Viscous friction coefficient [ Reciprocal of resistance 1/R
Spring stiffness & Torsional spring st{fness K Reciprocal of irductance 1/L
Displacement x Angular displacement & Magnetic flux Inkage #
Velociy v Angular velocity a Voltzge ¢

The cuncept of analogous system is @ uselul wechnigue Tor the study of various systems like
electrical, mecharical, thermal, hydraulic, etc. If the solution of onz system is obtained, it can
be extended to all other systems analogous to it. Generally, it is convenient ta study a non-
clecirical system in terms of its electrical analog as electrical systems are mors easily amenable
to experimental study.

In this book, we study the systems using linear systems theory. There are two ways of
justifving the linear svstems appreach. One is that the system is basiczlly linear, or the system
is operated in the linear region so that most of the conditions of linearity are satisfied. The
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second is that the system is basically nonlinear or operated in a nonlinear region, but to apply
the linesr analysis and design tools, we linearize the system about a nominal nperating point.
The analysis is applicable only for the range of variables in which the lirearization is valid,

23.1 Impulse Response and Transfer Functions of Linear Systems

The classical way of modelling linear systems is to use transfer functions (o represent inpul-
vutput relations between variables. One way to define the transfer function is to use the impulse
response which is defined as follows:

Impulse response: Consider thal a linear time-invariant syvstem has the input (/) and the
output 7). The system can be characterized by its impulse response gir), which is defined as
the ouiput when the inpul is & unit impulss [unction &¢). Once the impulse response of a lincar
system is kaovn, the output of the system, o(r), with any input #(f) can be found by using the
transfer function.

2.4 TRANSFER FUNCTION: SINGLE-INPUT-SINGLE-OUTPUT
SYSTEMS

The transfer function of a I'near time-invariant system is defined as the Laplace transform of
the impulse response. with all the initial conditions szt to zero. Let G(s) denote the transfer
function of a single-input-single-cutput system, with input A7) and output ¢(r) and impulse
response g(f). Then the transfer function G(s) is defined as

Gls) = L [g(0)]

The transfer function ((s) is related to the Laplace transform of the input and the output
through the following relation

_C
Ris)

with all the initial conditions set to zero. and (s) and R(s) are the Laplace transforms of o{1)
and r(r) respectively. That is the transfer function is defined as the ratio of the Laplace transform
of the output to the Laplace transform of the input with all initial conditions neglected.

Although the transfer function of g linear system is defined in terms of the impulse
response, in practice, the input-output relation of a linear time-invariant system with continuous
data input is often described by a differential equation, so that it is more convenient to derive
the transfer furction directly from the diffzrential equation. Let us consider that the input-output
relaton of a lineer time-invariant system is described by the following sth order differential
equation with constant real coefMiciemns.

Gis)

L. i=l . =2 o3
dct) 47 AT 0 del)

2 3 n— +ar i'[f}
o de” V! A" : '
d™r(1) d™ (1) drit)
= + sk B === 2.1
& ™ b ™! m=l m! (1) @0
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Once the input #{f) for ¢ 2 £, and the initial conditions of e{f) and derivatives of «(f) are
specified a: the iritial time ¢ = f, the output response e(f) for ¢ 2 1 is determined by solving
Eq. (2.1). However, the soluticn of higher-order differential equations is quite tedious. So the
analysis and design of linear systems is done using transfer functions.

To obtain the transter function ot the linear system, simply takz the Laplace transform on
both sides of Eq. (2.1) and assume zero initial conditions.

I'he result is
(" + @™ o ta, s + a) C(s) = (bgs™ + bys™ '+ bpys + by) R(S)
The transfer function between (#) and <(f) is given by

_C) . bs" B 4k b

fit=

Gls) S+b,

RG)  ay" +a"™ +ays" "+ +a, s +a,
The properties of the transfer function are as follows:

1. The trensfer function is defined only for a linear time-invariant system. It is rot defined
for nonlinear systems.

b

. The transfer function between an input variable and an output variakle of a system is
defined as tha Laplace transform of the impulse response.

Altzrnatively, the transfer function between a pair of input and cutput variables of o
gystem is the ratio of the Laplace transform of the output to the Laplace transform of
the input.

3. All initial conditions of the system are set to zerp.
4. The transfer function is independent of the input of the system.

5. The transfer function of a continuous-data system is expressed only as a function of the
complex variable 5 It is not & function of the real variable time. or any other variable
that is used as the independent variable. For discrete-data systems modelled by
difference equations. the transfer function is a function of z when the z-transform is
used,

241 Proper Transfer Function

The wransfer function is said 10 be strictly proper, If the order of the denominator polynomial
is greater than that of e numeralor polynomial (e a0 = m) The tansfer Unction is said w
be proper, if the order of the numerator polynomial is equal to that of the denominator
polynomial (i.e. m = n). The trensfer function 15 said to be improper, if the order of the

numerator polynomizl iz greater than that of the denominator polynomial {i.e. m = ).

242 Characterisiic Equation

The characteristic equation of a linear system is defined as the equation obtained by setting the
denvminator polynomial of the transfer function o gero, Thus, the characleristic equation of the
system deserited above is
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s + ™ 4 n}gn--E +ot s ta, =10 (2.2

Equation (2.2) is called the characrerisiic equarfon because it characwierizes the behaviour
of the system.

The stability of linear single-input-single-output systems ic govemned completely by the
mots of the characteristic aqustion.

1.5 TRANSFER FUNCTION (MULTIVARIABLE SYSTEMS)

The definition of a transfer function is easily extended to a system with multiple inputs and
outputs. A system of this type is ofter referred ‘o &5 a muftivariable system. In a multivariable
system, a differential equation of the form described above mav be used to describe the
relationship between an input-output pair, when all other inputs are set to zero. Since the
principle of superposition is valid for linear systems, the total effect on any output due to all
the inputs acting simultaneously is obtaired by adding up the outputs due to zach input acting
alone.

Rit) - o)
] —C(5) Kis) 0 e
Gix) I i s ~
(2%2) = @xe =
£ —— (%) ) (q)
) (a) {b)

Figure 2.5 Multivariable syslems.

If & system has two inputs and two outputs as shown in Figure 2.5(a), then the outputs are

given by
Cils) = Gyls) Ryts) 1 Giafs) Rala)
Cats) = Gals) Ryls) + Gpals) Ra(s)

The transfer function G;(2) represents the transfer function between output 1 and input 1
when input 2 is zero. Similar definitions can be given to th2 other transfer functions, G.(s),
Gay(5) and Gaals),

In general, if a jinear system has p inputs and g outpws as shown in Figure 2.5(b), the
rransfer function between the jth nput and the /th owput is defined as

Cis)
Goitiym =
g R;(s)

with Rgls) =0, k= 1.2, .... p, k= |. Note that G, (s) is defined with only the jth input in effect,
whereas the other inputs are set to zero. When all the p inputs are in actien, the ith ouftput
transform is written as

Cfny = G,|{S]'Rr131| + G::{-*‘}R:[.‘r‘} Ay o G"_,-[.&':I'RF{SJ

In vector-matrix form, the input-output relation of a multivariable system is

C(s) = G(5)R(s)
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cl‘.-ﬂ

Cis)
where Ciz)y=| .

C,(s)
is the g » 1 transformed output vector,

K]

&,
R(s)= ':{ﬂ

R, (5)
is the p » | transformed input vector; and

G.:f.'ln'} Gm"-'i} G]P{-'ﬂ
Gz,':h'” G:ziﬁ'} G;J_P{-’i'}

Gisl=

Gy(s) Ggals) = Gyyls)

is the g x p transfer funciion matrix.

2.5.1 Sinusoidal Transfer Function

The steady-state response of a control system to a sinusoidal input is obtained by replacing «
with je in the transfer function of the system.

The transfer function obtained by replacing s with jem in the original transfer function is
called the sinusoidal transfer function.

2.6 PROCEDURE FOR DERIVING TRANSFER FUNCTIONS

The following assumpiions are made in deriving transfer functions of physical systems.

1. Itis assumed that there is no loading, i.e. no power is drawn at the output of the system.
If the system has more than one non-loading elements in cascade, then the transfer
function of each zlemert can be detzrmined indesendently, and the overall transfer
function of the physical system is determined by multiplying the indivicual transfer
functions. Tn case of systems consisting of elemants which load each other, the overall
transfer [unction should be derived by basic analysis without regard to individual
transfer functions.

2. The systems should be approximatzd by linearn lumped, constanm parameter models by
making suitablz assumptions.

To illustrate puint 1 above, et us consider two dentical RO circuits connected in cascade

so that the output from the first circuit is fed as input to the second as shown in Figure 2.6,
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R R
i AMN——e——ANN * T,,
£ el gy —C €
i 3 l
_I J_ & I8

Figure 2.6 RC circuits in cascade.

The describing equations for this system are as follows:

] (]

F.L“‘ —iy)dt + Riy = ¢, (2.3)
I

%‘L(iz — iy )dt + Ri,, = —%f:‘?m =-e, (2.4)

Taking the Laplace transform of Eqs. (2.3) and (2.4), assuming zero initial conditions, we
obtain

é[.’.{ﬂ—fg{ﬁ}l]+ RI(5)= E/(s) (2.5)

1 1
— [ (5) = L) |+ BRI (s) = —— I, (5) = =, (5) (2.6)
(Y Cx

Reorganizing Eq. (2.5), we get

1 1
I.f-ﬂ[ﬁ' + H] = E;(s)+ Ehm

1
E(s)+—1,(s
i5) Cs 2(8)

CsE(s)y+ 1
or fi(s)= ] = sE;(5) 12{3} 2.7
R+ 1+ RCs
Cs
Reorganizing Eq. (2.6), we get
1 fi(s)
Lis) R+— |- =—E (5)
i }[ {"J (s !

Substituting the value of fi(s) from Eq. (2.7) in the above equation, we get

11 Csb(s)+ 15(5)
s Cs(l1+ RC3)

IE{J}[R+ —E, (5)

=-=E, (3} [ Iis)=CsEs)]

s CSE, () 1+ RCs | Ei(s)  CsE, (5) _
1+RCs Cs(l+ RCs)

s
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1 E (%)
E 1+ RCs)+1— =l
or "m[[ ) 1+RCJ 1+ RCs

Therefore, the transfer function is

E,(s) _ 1
Es) 5 +31s+1

where = R
The transfer funetion of each of the individual RO circuits is

I
i
== =
R4 1+RCs 1+71s
Cs

If there is no Ioading, the overall ransfer function of the two RC circuits connecled in cascade
is

1 G 1
I+1s 1+7s 5 +275+1

The differznce in the transfer furctions is due to the fact that while deriving the transfer
tunction of a single RC circuil, it is assumed that the ouput is unloaded. However, when the
input of the second circult is obtained from the output of the first, a certain amount of energy
is drawn from the first circuit and hence its original vansfer function is no longer valid, The
degree 10 which the overall transfer function is modified from the produet of individual transfer
fanetions depends upon the amount of loading

Example 2.1 Fur the mass-spring dashpot system shown in Figure 2.7{a), obtain the ransfer
function. Also obtain the analogous clectrical network based on (a) force-voltage analogy and
(b} foree-current analogy.

x% I==1r l j T@ E‘f] i 3

M _L x | M J —L XV
1 F TF =
() (b) ()

Figure 27 Ezample 2.1: (a) mechanical system, (b) Fee-body diagram ard (c) mechanical network.

Solution: The Tee-body diagram of the mechanical system of Figure 2,7(2) is shown in
Figure 2.7(b). Applying Newton’s law of mation that the algebraic sum of the forces acting on
a rigid body = mass x acceleration, the =quation of motion is
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2

dx d x

F-f——Kx=M—-

fdr di*

: d’x dr
. =1 — _+

Le F Mdr: +fd: Kx

ar F"‘Mﬂ:+ﬁ=+ﬁfjm‘r

dr

Taking the Laplece transform on both sides and neglecting the initial conditions,
F{s}: Ms“X(s)+ fsX {_'.':I--I-KX{_';}
Xis) 1
Fis) Ms™+ fs+ K
Alternative way:  For the given mechanical system, st draw the mechanical network shown
in Figure 2.7(c).
There is only one node. Let the node variable be displacement x or velocity v. One end of

all the three elements is cornected to ground so the displecement of that end is zero. The other
end of the three elements has a displacement x or velocity v. So the deseribing equation is

Transfer function =

2
F=m2Zp® g
£ e
i
or F=ME+J¢U+ Kjwir
The analogous equation of the electrical circuit based on force-current analogy is
d*¢ 1dg 1
inpE Y, 100, 1)
de- Rdd L
de ¢ 1
r :':C—+—+—J‘ed:
¢ dt R L

end the analogous electrical network is as shown in Figure 2.8(a). It is exactly identical to the
mechanical network. Once the mechanical network of a translational system is drawn, the
analogous electrical network based on force-cumrent analogy can be easily drawn like this: the
structure of the electrical network ks exactly the same as the swucture of the mechanical
nelwork, Le. series elements in the mechanical network jemain as series clements in the
electrical network and shunt ¢lements in the mechanical network remain as shunt clements in
the electrical network. Just replace the force Fir) by a current source () (= F(r)), mass M by
capacitance C (= Af). fricton f by resistance R (= 1Y), spring K by inductance I (= U/K),
displacement v by flux ¢ and velocity v hy voltage e. The node equations of the electrical
network will be analogous to the node equations of the mechanical network.
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D —=C=M SK=-1
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=
A.r.:lA &
i
e
Y
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1
=
Cv/
-
]
=

{a) (b)
Figure 2.8 Example 2.1: (3] andogous electrical circuit based on F-i analogy and, (b) anaogous
electrical cirouit based on F-v analogy.

The analogous equation of the electrical circuit based on force-voltage analogy is

dq _dg 1
A LS
SRS T
] 1
or e=L% ki +—jfd.r
dr C

and the analogous electrical network is as shown in Figure 2.8(b}. Unce a mechanical network
is availablz, the analogous electrical network based on force-voliage analogy can be drawn
casily like this. In this, the series zlements of the mechanical netwerk become analogous shumnt
elements and the shunt elements of the mechanical network become analogous series elements,
Replace the ferce FU) by a voltage scurce elf) (= F(#)). mass M by inductance L (= M), friction
{ by resistance R (= f), spring K by capacitance C (= 1/K), displacement x by charge g and
velecity v by current i(f). The loop equations will be analogous to the node equations of
mecharical network.

Example 2.2 Write the torque equations of the rotational svstem shown in Figure 2.9%a).
()

Eis)

Obtain the transfer function

. Also obtain the analogous electrical network based on

{a) force-voltage analogy and [b) force-current analogy.

ar ()
ain

i
b df
3 ke g
\ S s
3 71 Q ] b g
3 T M)
"

{a) {B) (<}
Figure 2.9 Cxample 2.2: (a) rotatioral system, (b) free-body diagram and (c) mechenicel nework.
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Solution: The free-body diagram of the mechanical system of Figure 2 9(a) is shown in
Figure 2.9(b). Applying Newton’s law of motion that the algebraic sum of torques on & body
= moment of ineria ¥ angular acceleration, the equation of motion of the system is

dﬂ
dr*

i.e T—FE—E fifg
dr®

Taking the Iaplace tmnsform on hoth sides

T(s)=|Js* + fs + K] 8(5)

The transfer functon of the system is therefore

els) _ 1

T(s) I+ f5+K
Alternative way: For the given mechanical system, first draw the mechanical network as
shown in Figure 2.9(c). One end of source (f) and moment of inertia (/) is always to be
connected 10 ground. In the given sysiem, T is applied on the body with moment of inertie J.
So the other ends of T and J are 10 be joined. In Figure 2.9(a). onz end of j is connected to

ground and the other end is connected to J. The same is done in drawing the network. In the
network, there is only onz node Let the node variable 5e 9 or @ So the describing equation is

4°8  _de
T=l=ztf o +K8
dw
or T= Jd—+jm+.'-:'_[ @ dr
The analogous equation of the electrical circuit based or torgua-current analogy is
'.p- | dgp 1
i=C— — =
dt? R dr J!Z'::'I
i
or i=CE+Le+lJ ¢ dt
dt R L=

and the analopons electrieal eirenit is shown in Figure 2.100a). It is exactly identical to the
mechanical network. Once the mechanical network of a rotztional system is drawn, the
analcgous elecirical network based on torque-current analogy can be easily drawn like this: the
structure of the electrical network is exactly the same as the structure of the mechanical
network, i.e. series elements in the mechanical network remain as series elements in the
electrical network and shun! elements in the mechanical network remain as shunt elements in
the elecirical network. So the node equations of the electrical network will be analogous o the
node equations of mechanical network. Just replace the torque T(7) by cument sourcz /i) (= T(1),
inertia .J by capacitance C (= J), friction f/ by resistance R (= 1/f), spring X by inductance
L (= 1/K), angula- deplacement & hy ¢ and anpular velocity @ by vaoltage »#
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Figure 210 Esample 2.2 (a) analogous electical network based on torque-carrent analoJy and
(bl analogous electrical network based on torque-voltage analogy.

The analogous equation of the electrical circuit based on torque-voltage analogy is

2
d'q _dg g
OO s Y e YD
™

i N Y i
or EZLE+R‘+E..;I¢

and the analogous electrical circuit is shown in Figure 2.10(b). Once the mechanical network
of a rotational system is drawn, the analogous electrical network based on force-voltage analogy
can be easily drawn like this. In this, the series elements of the mechanical network become
analogous shunt elements and the shunt elements of the mechanical network become analogous
series elements. Replace torque T1(¢) by a voltage source e(f) (= 7(¢)), inertia J by inductance
L (=5, friction fhy resistance R{= ), spring K hy capacitance O (= 1K), angular displacement
8 by charge ¢, and angular velocity @ by i(r). So the loop equations of the electrical network
will be analogous to the node equations of the mechanical network.

Example 2.3 Write the cdifferential equations for the mechanical system shown in
Figure 2.11(a).

K, | My CT Fy

My
2 0y s
£ LJ:_JJ“ Fs ) "1_
1‘ e T —=X3, Yy
| M i K Fy—n |
o Fi— M, o M, i"—“ﬁz":r
- (@ e — |

(e
Figure 211 Example 2.3: (3) mechanica system, (bi mechanical network and (c) free body diagram.
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Solution: The mechanical network for the given mechanical translational system is shown
in Figure 2.11(b). Ths free body diagram is shown in Figure 2.11(c). The differential equations
governing the behaviour of that system are given as follows. The node variables may be
displacements or velocities.

The differantial equations for the system are &s follows:

elx
3 h _Z_?:]+K X, = Fy(1)
or ﬂﬁ%%+ﬁquw+ﬁjﬁm=ﬂh}
I
w,n + (44 28 ]+Kx = F(1)
Var M a a ) !
v
ar M,—d—;—+f,{v,--.s::l+K,J.v.dr:ﬂ{r}
: ; X.(s) . R
Example 2.4 Find the transfer [unclion Y. for the system shown in Figure 2.12(a).
i A
11
X L E %, LY P
S
I T [ ™ :
K b==LF K
Kix,—x) iz, -
A
P =
() L] teh

Figure 2.12 Example 2.4 (a) mechanical system, (b) free-bocy diagrem and ic) mechanical natwork.

Solutien: The free-body diazram is shown in Figure 2.12(b). The mechanical network is
shown in Figure 2.12(c). No externzl force is applied. The displacements are due to initial
conditions, The differential equation governing the behaviour of the system is

d*x dx dx; |
M—t4f| ==L+ K(x, -x)=0
de® f[ de  dt | (7o =)

Taking the Laplace transform on both sides
M5X,(5) + i [Xols) — Xf2)] + K [X(5) - X{)] = 0

ie [Ms2 + /v + K] X [5) = (s + K)WX(5)
The transfer function is therefore
X, fs+K

X(s) M+fs+kK
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Example 2.5 Obtain the differential equations for the mechanicel system shown in
Figure 2.13{a).

ANAARIAN VAN

¥y
A
E Kl i—F.‘:“ T't
K, +—HK.x
* K, E‘J R a
M
K f =
I I K1 - x3) "'|"" Sk
L T;'I -
{a) ib) {c)

Figure 213 Example 2.5 (a) mechanical system, (b) mechanical network and (c] free body diagram.

Solution: The mechanical network is shown in Figure 2.13(b). The free body diagram is
shown in Figure 2.13(c). The dillerential eyuations for the given mechanical system ane

2
Md-fl'fﬁle‘l'.ﬁl{_xl_ﬁ:}:ﬂ
dt”
e
or MII+-KIJ?I dr+ R’iJ' {Tl_'lr'z}df:[}
X,
and Kix—xn)+ h—=0
WX =x)+h dr
Gr K]I {l-':—l-’.]di'+_||'.|1.-'2 =n

Example 2.6 Consider the mechanical system shown in Figure 2.14(a). Suppose tha: the
system is set intc motion by unit impulse force. Find the resulting oscillation. Assume that the
system 1s at rest initially.

xir)

i—--.uj.rj —e=rw
) .

M

)= M e Ky

fal (b fch
Figure 244 Example 2.6: (a) mechanical system (b) mechanical network and (c| fres bedy diagram.
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Solution: The mechanical network is shown in Fizure 2 14(h). The free body diagram is
shown in Figure 2.14(c).
The differential equafion of the system is
d’x
dr’
Taking the Laplace transform on both sides and neglecting the initial conditicns.
1 = (Ms? + K)X(s)

1 1 1 VKM 1

i.e. X(s)= = = e

2

3 o 3 —_——
Ms™ + K M‘(s?—%] M .71+( mr] ~KiM

dt)=Ke+ M

Taking the inverse Laplace transform
1
xif =
) W MK

The resulting oscillation frequency is @ =/ K/M rad/s.

sin (WK /M it

Example 2.7 Assume that the cart in Figure 2.15(a) is standing sill for ¢ < 0, w (£} is the
displacement of the cart and y (f) is the output. Oblain the transfer function of the system.

|—i-_1-'
M K et 1 i e
l — (i~ i)
g o

(a) (b {c)
Figure 2.15 Example 2.7; (a) mechanical system, (b) machanical network and (c) free body diagram.

Solution: The mechanical network of the sysem is shown in Figure 2.15(h). The free
body diagram is shown in Figure 2.15ic). The differential equation of the system is

d’y day o _
M—+ fl=—-— |+ Kiy-u)=
dr’ f[ di i ] (s

Taking the Laplace transform on both sides and neglecting the inirial conditions
Ms*¥(s) = fi[¥(s) - Uis)] + K[¥(s) - U(s)] = 0
ie. [ME + f5 + K] Y(s) = [fv + K] Uis)
Therefore, the transfer function of the mechanical system is
Yis)  fi+tK
Uls) Ms*+ fi+K
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Example 2.8 Write the differential equztions for the mechanical system shown in Figure 2.16.
Obtain the analogous electrical networks based cn (a) force-current analogy and (b) force-
voltage analogy.

5 =¥
K
7] -
M = K1)
=% /
£ FPFIFFTFFF AT FFIFFF 777

Figure 216 [Ccample 2.0: Mechanical systsm.

Solation: The free-body diagram is shown in Figure 2.17(a). The mechanical network of
the system is shown in Figure 2.17(k).

¥ vy ¥
i Ay | 4
Ky, . 1] ?
2 H
M —F0) kK ft1 |u Q R
pA +
{a) (b

Figure 217 Example 2.8: (a) ‘ree-body diagram, and (b) mechanical network.

The differsntial equaticns describing the behaviour of the given mechanical system are

fﬁ -ﬂr_} d".-'*.-
F(t|= M L _ -~]
i 'ﬁ[ dr ar
ar F{f]':.Hﬂ+ftu,-+f,(vl—:,j
ar Y
dv,  dy
and {l= '—2._'_L]+K'1F
ﬁ[ dr dr ik
i
ar {F:n-f':,_{r: -.-l} ¥ KI Vg el

The elzctrical networks based or force-current and force-voltage analogies are shown in
Figure 2.18(a) and Figure 2.18(b) respectively and the corresponding differertial equations are
also given as follows:
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¢y f £y k=4 L=M
AWV AVt VY
ol =iy
=1 o - “ay ) g [ e
x R=p2 C-MT (Dhy © ::"“‘( By=h L= Fie)
| f: I| -
= - | =
(n} (b}
Figure 2.18 E:;rglhﬂ.?&ﬂ: (2) electrical network based on force-current analogy and |b) electrical network
on ferce-voltage anabgy.
ﬂ:j:f%J,%ﬁ';—”? em=L%+R,i,+Rzﬁ_—m
1 2
g-a 1, . canay, L
= +Lje1ur 0 0= Ry(is "”c-['i“!'

Example 2.9 Write the differential equations for the mechanical system shown in
Figure 2.19(a). Also draw the znalogous electrical circuit based on force-current analogy.

K,
1{I”
. ]
fi
() (b}

Figure 219 Example 2.9; (a) mectanical system and (b) mechanical network,

Bolution: The mechanical netwark is shown in Figure 2.19(b). Mo external foree is acting
on the system and the displacements are due te initial conditions only.
The differential equations for the system are

= dy, g &, dy)_
Ki(x, x.J+f|[m dr)+fl[di‘ .-;;J'U
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ar K-J‘ v, —wldr+ fi(v, —vp)+ falv, —v) =0
dv dx,
and | =—=—" |+ K y=0
j‘[n‘: n"r] K2
ar f:{v-va}+!{1-|lwfr=[)

The aralogous electrical circuit based on force-current analogy is shown in Figure 220,

£y = X,
— TN R, =
e g, f r
P [ S — Y
—AAN— i
-R‘ 31 Li = s
=

Figure 2.20 Example 2.9: Analogous eiectrical network bmd on force-current analogy.

The dilferential equaticns for the network of Figure 2.20 are as [ollows;

}%

I R -
i 11 -l-{cp cijcﬁ + }E =}

£y

g =,
R,

I
+—J-&II =10
L,

Example 2.1¢0 Write the differential equations governing the behaviour of the mechanical
systern shown in Figure 2.21. Also obtain the analogous clectrical circuits based on (a) force-
current anclogy and (b) force voliage analogy. Also find the transfer function ., (s)/F(s).

ARV R AR N R AN

M gk, lf,
I

M, x

K,

M, ™

Figure 2.21 Example 2.10: Mechanical system,

Solution: The differential equations governing the behaviour of the mechanical system
can be written using the free-body diagram or the mechanical network. Just for illustration both
the free-body diagram and mechanical network are drawn as shown in Figure 2.22(a) and
Figure 2.22(b) respectively.
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W Vs

] KJ

X 41

K, |—|-_x| |_hx:
F)— M, =Kl —x) - M, ) D M, gxl
3 l l

{a)
Figure 2.22 Examole 2.10; (a) free-body diagram and |b) mechanical network,

The differential equations describing the behaviour of the mechanical system are as follows:

d* x. el

Fit)=M, + fi—+ "+Kx[+Ka,fx,-r¢}

Fit)= M, d—c;'- + iy + .t',_[v,.-ﬁ + xzj' (v, = vy )t
d*x,

M__ "_'-+ Kz{xﬁ "-1]’ =)
dr*

dvz

= Jdr =0

M,

The analogous electrical natwork based on torce-current analogy 15 shown i Figure 213,

n=ro( g Apel Su.1 C= M,
i=Fo( 1) ,{:M[ =% Tq,__ﬂ T :
- - % v

Figure 223 Examgle 2.10: Analogous electrical network based on force-cument analogy,

The analogous elecrical equetions zre as follows:
de
iff)= LI ,ﬂ- + JE1 ar+— I{fl - fzj i

d€1 1
= +Ej{ﬁ—-qldz‘_

The analogous electrical network based on force-voltage analogy is shown in Figure 2.24.

G,
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""‘-L
e)
= _F{”(_‘_"J :'I
.~/ I

Figure 224 Example 2.10; Analogous electrical netwark based on force-voltage analogy.

The analogous electrical equations are as follows:
.. (LA Y
eir)= lr—ll dr + R|II +C—J-L|df+c—zj.{ﬂ b iz:' i
0= L,if—'?—+——-jn — i) dr

Fxample 2.11 For the mechanical system shown in Figure 2.25. write the differential
equations describing its behaviour. Write the analogous electrical equations based cn force-
voltags analogy, and force-current analogzy, and draw the corresponding networks. Also draw the
mechanical network and obtain the transfer function X{(s)/F(s).

T J-":l” e _P|[”
— 1501 —s ¥}
h'l
a0
M: _|r| l'hl| = F
n
29

Zero friction
Figure 2.25 Example 2.11: Mechanical system,

Solutivn: The free-body diagram of the mechanical system is shown in Figure 2.26

t: l": — 17y
¥ =¥
Koy, a—uod K, —y) +—

M, M, —=F
f.3y 4— {9 — 1) =

Figure 226 Examplz 2.11: Freebody diagram for mechanical system of Figure 2.25
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The descrihing equations are as follows:

dv,  dv, : d*y
e ”] Eily -»ml=M i'
dt

= fl[dr dt

: d y dy, iy,
£ F=M,— : ~J+x - ¥,
ie 1 3 Jﬁ[ i 1 = ¥2)

]" Ky, —fi—== dy: M, dr:lz

ST
K-.(}’u"“'l"z)"‘.ﬁ[%"'%

2

. iy, dy iy, d”y,
Le. f '___]].'.K . - + K v, = H—=—=+M, =
_|[ dr  dr =y +Kyv =1 r *

=)

The describing equations in terms of velocities are 25 follows:

dv, ,
F =M]?;+JF]{V| _er:.'l" H.Il_l'l _l'-z}d;

£ v, -v]]+ﬂ'j{v—_.-v]dr+fz1.,+ﬁ'J-uza'HM =2=0

I'he equations of the analogous electrical network based on force-current znalogy are as
[ollows.

. de;, 1 . |
!{fl=Ct—d1+R—J{€1“f’2!+rj{€|'€z]d‘
1 1 I d
E{EZ—EI}+EJ{E'2—E']]&I+ 2 [ﬂJ‘Ezi'.ﬂ"fc-J g

The corresponding electrical network is shown in Figurs 227,

o A l
I'UJ'=F|\_I) Cy= M f, L':=Id:‘[ § z‘% %1-1‘%
-

Figure 227 Example 211: Analogous electical network based on force-cument analogy.
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I'he equations of the analogous electrical network based on force-voltage analogy are as
ollows:

i, . L
EEL %"I‘ R]Eﬁ —f1}+L__I_tJI‘I:|—l3} at

and

1 I di
EJ'H:. =iy )t + R(is — i) + Rai; +C J;,m..-f_.j-i‘-—

. dr
The corresponding electrical network is shown in Figurs 228

c,=
L|=Ht R2=j5 '

T T

O ]

Figure 228 [Example 2.11: Anaogous eectical network based an forca-voltage anzlogy.

The mechanical network for the given mechanical system is shown in Figure 2,20

Figure 229 Example 211: Mecharical network

The descrbing equations at nodes 1 and 2 of Figure 2.29 are as follows

ﬂTp:,_

dy

+K1'ﬁz+ﬂ[""é"?]+ﬁi[\’ "‘Y]} 0

_f1

7

F{r]—M|d Ji f,[ﬂ—%J+K|[v|—h}

To obtain the transfzr function. take the Laplace transform of the describing equations of
the mechanical system neglecting the initial conditions.
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flo = MIE?}HJ}'i- L5l (s)=T50s)]+ K[ Y (5) = ¥5(5)]
ie. F{s]:[M.fz+,ﬂx+ﬁi,]ﬂ{s}—[,ﬁs+ﬂ]]]@m (1)
Mgszl’z (5)+ 55 (5) + K, V5 (6) + fislYals) = Fils)]+ K [V (8) =K (5)] =0

(M5 +(fa+ ;)54 (K, + K)IYa (8)=[fi5 + K V() =0
[fis+ K L (5)
M5 +(fr+ j)s+(K, +K,)
Substituting the value of Y5(s) from Eq. (ii) in Eq. (i). we get
(Sfis + K fis+ KX, (5)
M2'52+if1 + s +(K; +K))

(i)

Yz‘ﬁ'i =

F(s)=[M;s* 4 fis + K1Y, (5) -

Therefore, the transfer function is

Kils) _ Mas™ +(fa+ f)s+(Ka + KD
F(s) (Ms” + fis + KM s” +(f; = )5+ (K, + K =(fis + K,
» hils) Mys® +(fy + f1s +(K, +K;)

F(E} " ”IMESJ. +[M|ﬂ+M|f3 +M3‘ﬂ}33
F (MK, + MK+ MoK+ £ )8 + (K, + K )s - K

Example 211 Write the differentizl equations governing the behaviour of the mechanical
system shewn in Figure 2.30(a).

Ky fTi’l
u,
LT e
K-y T8 fip,-9)
M, M,
A L
Ay+me F(N+ Mg =
(a) by

Figure 2.30 Example Z.12 (a) mechanical system and (b) free-body ciagram.
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Solution: The free-body diagram is shown in Figure 2,33{a). The mechanical netwaork is
shown in Figure 2.33 (b). The describing equations can be written based on any one of them.

—

I'l|!f'|-| ‘-E':F - .‘”:

£

in) ()
Figure 2.33 Example 2.13; {a) free-body diagram and {b) rechanical natwork.

The free-body diagrom is drawn like this: Fir) is the external force applied on mass M| o
move il by g distance v, from lefi 1o right. So dircction of F{7) is from left o right. All other
forces acting on M, will oppose this motion. So the directions of f &, Kz, and i, (5, = ;)
are opposite to that of &5y So thev act from right to left. £ is connecting A, and Afs. Thercfore
Sy 18 — 3 ) acts from left to right on M. This will cause a displacement of x; on M. All other
forces al M. e f, & and K5 x;act in a direction opposite to that of fi5 (& — X)), Le. [rom
right to left.

The mechanical network is drawn as follows, There are two masses M, and Ay, One end
of each mass is to be connected to ground. One end of #{y) is to be connected to ground, The
second end of £{/) is to be connected to the second end of M. #,{1) is between M, and ground.
So one end of ) is connected to ground and the other end is connected to the second end of
My, Ky s belween M, and ground, So one end of &) is connected to ground and the other end
15 connected o the second end of M, One énd of A is grounded. f;- 15 betwesn the second ends
of My oand Ma Ks and G oare between 4G and ground. So one end of & and £ is connected 1w
ground and the other ends of K, and £ are connected 1o the second end of My The mechanical
network s shovwn i Figore 2.33(b). The displacements x; and xa or velocities vy and vs are the
node variables at the second ends of A, and M> respectively,

The differentin] equations descrbing the behuviour of the mechanical svstem ane oy Tollows:

d’x i Iy, v
ﬂf]:M,—rli!-+_,r', s OS2 +Jr,2[‘_l,q“—’]
21

?Ir df ot
iy
- FO=M Zht iy + s:,jrjf::+mu-1—v?;.
£
.I!vlrj.l'i I'ilz (d’l’z d"‘l ]
O=M,—=+fi——+K;x;+ e i
2 P fa i 1ty + fis 4 dr

.
ar H=M2_':‘L+IE'I'2 +HEJ-1'EI'”+I|3{||'1 _'I'l}
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Example 214 Write the differential equations governing the behaviour of the mechanical
translational system shown in Figure 2.34{a).

Kz Fiiy

L 11
!

K — ) Filn

! !

e

A fx —3y)

1 !
M x1 My I}

ia) (b}
Figure 234 Example 2.14; (a] mechanical system and (b) res-bady dizgram,

Solution:  The free-body diagram of the system is shown in Figure 2.3400k), The mechani-
cal network for the given mechanical system is shown in Figure 235

hy
. oo g [T 9
i 3 X |
* +—— DI .
Fi [‘D A, L 1' AL, | M,
Fol T

Figure 2.35 Example Z.14; Mechanizal network for the mechanical system of Figure 2.34(z),

The differential equations poverning the behaviour of the system are as follows:

3

v d
m;" + f T":'-I'K-lj:l + Kolx, —x,)

Fiitp=M,
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or

ar

or

Fillf:l=1'|rﬂ% + v +-E,_[ vyelt 4 K:I (vy = vy )elt

2

d 'E'E ﬂr.]z nl.lg

——= |+ Kain, — x5
el u’r] S

F]“i =JH:

elv
FgErJ=M2j+K1J. (¥ —1-,}d;+ﬁ1v2—n-3]+KjJ‘ (v = bt

d*; o i
gy = +;;[T?—%]+Kﬁn:x3—x:1

Iy
0= Maf + 5l =¥ )+ &'3‘[ (v = vy et

Example 2.15  Find the transfer function X{sVE(x) for the electro-mechanical svitem shown
in Figure 2.36.

[Hine: For a simplified amalysis, assume that the coil has a back emf e, = &), dv'df and the
coil current § produces a Torce & = &5 §on the mass M

Solution:

L

R L i
Aty M !
——"1
_,_o——"!'
F__—'
+ [
i S, . P
& i =1L i = Conl
1 |
_ o |
|
_;—'—‘_'!‘

Figure 2,36 Example 2,15 Elsctromechenical system,

Lot 7y be the current in loopl and et 7 be the curment in the loop having the coil.
Writing the KVL equations ground the loops,

. I .
elry= Rﬁh‘-fHFIIr;M—JEHI il
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d_ —— + — ] —1 =
i f & '-‘*p,“; f'JlH:F:I J'Jlff}l-tfr 0

Taking the Laplace transform on both sides,

1
Elay= R {8} +—[d{5) = L(x)]
O

. | 1
i.e. H-'-"]=(R+H)f,c.:}—an.\-}
_ARCs + 1}, (5)=1(3)
s
and Ls“&'}+En{.¢]+{+“t.ﬂ—!:{ﬂ|=U
¥
i (LHL]H;HK SIE*‘]—LJ (#y=0 & =K = Fin)y =KX {z)
he s ) ;A R P b gy e

T = (L0 + DI(5)+ K0 X(5)

(RCs + DO + D51+ KO X ()] = 1 (5)
s

Eis) =

" (REC? S + LOs™ 4 ROS 1= 1)+ (ROPK ™ + K087 )X ()
g Cx

=/

= HsNRLCs™ + Ls+ R+ (K, ROs® + Ky s)X () (i
Given F= = Ko
Firdrl = K5}

Writing the differential equation governing the behaviour of the mechanical system,

"

£, .ﬂ':
Fe=M d—_r+_,|"-—r+k'.'c'+!£w

dt” it

Frtsh=[Ms" + fi+ 2K )X (5) = K5 1(5)

Ms? + fo+ 2K

K
Substituting the value of fis) from Eg. (i) in Eq. (1), we gel

fix)= X5 (i)

Mi®+ fi+2K

2

Fi{s)=(RLCs® + Ls + RJ{ }xmﬂﬁ:,,ncﬁ + K, 01X (x)
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RECMs™ + RECTS™ + 2KRLCS™ + IMs™ + Lfs” + 2KLs + RMs®
+ Rfs + 2RK + K, K, RCs™ + KK 8

= X
K, ()
Theretore, the ranster funciion is
X{s) _ K,
Eis)  RLOMs® +(RLCS + IM)s" + (2KRLC + If + RM + K, K, RC)s’
+(2KL+ Rf + K K )s+2RK

Example 2.16  Obtain the transter funetion of the mechanical svstem shown in Figure 2,37,

BI -"‘1\" —\I
S e oA
7o — m,r? ;
(Applied trgue) i Chatput)
Figure 237 Example 2 16: Mechanical system.

Solution: The output is the angubar displacement & of shaft on output side. Let &, be the
angular displacement of shaft on input side, The free-body diagram is shown in Figure 2.38(a).
The mechanical network corresponding to the given mechanical rotational system is deawn as
shown in Figure 2.38(b). One end of J| is to be connected to ground. Cne end of torgue source
is to be grounded. The other end of T is connected to the other end of J; at the node 1. Let this
node variable be & or @y One end of S s grounded, and & is connected between the two free
ends of . and J,. One end of fis grounded, the other end of {is joined to the free end of 1.
Let £ g be thal node variable,

?;I & g
(1) K6, — &) i LN l
.I%I:Z A “ﬂ'l rﬁ\il 4 %:j Rn@ gy .r!] Kl
g F T
LI ] :
(al [i-lJ

Figure 2.38 Example 2.1¢: (a) free-body diagram and {b) mechanical network,

The differential equations describing the behaviour of the svstem in Figure 2,37 are as
firllivs:
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1 o
=1 L-E'--+K[E[—ﬁ} or T=J dec 1 +Kj-{a.rl — ) et
= it
d’e dd d e
anil O=J, +f—+KB-8) or 0O=J + o+ F:Iw—r v
St J 7 ! Ll
{in terms of angular displacement) (in terms of angular velocity)

Taking the Laplace transform of Eqgs. (i) and (i), we aet
T(s)=J. 8 8 (s5)+ K8 () - K&(s)
Tisi=(4s" + K)8,(5) - K(s)
and 0= J 5" Ba)+ fs0(x) + KB(s)— K6,(s)
={Jys" + f5+ K051 — K8 15)

(48" + fo+ K)8(x)
K

E| (.'I!jF
Tt *
T(sh= (s + x:[%ﬁ”’}em— K6i(1)

=Lt A f LK + 1K s K+ KT =K %
Theretore, the ransfer function is

8is) K
T(s) Tt 0, & Ky + Fy 0w 4 Kfs

(i)

(i)

Example 2.17  Write the torque equations of the rotational system shown in Figure 2.39. Also

6(s)

15}

find the wransfer [Unction

and torgue-voltage analogies,

000 P
A ! L3 =N = e
| g1 —i—¥
v | Flexible = %
Tir shifl — #qif) e

Figure 2.3 Example 217 Rolafional system,

Oblain the analogous elecirical circonils based on lorgue-current

Solution: The free-body diagram of the given refational svstem is shown in

Figure 2.40{a). The coresponding mechanical network is shown in Figure 2.40(h),
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"
| e e
B (1) Kifh — &) 18, _I_
H =)D ®h Ly
v/ o S —
111 f,
=
{a) {h}

Figure 2.40 Exampls 217 (&) free-body diagram and {o) mechanical network,

The differential equations governing the behavior of the given rmational system are as
Tl lows:

T
i

T{r!=.f£j£'—+mﬂ,—ﬂlj or T(rh=J%+Ff‘[ (4 — s el (i}
il

id, i
an Kt -8 }+Jr b or P;‘J- (v — v i + fi, =0 (i)

Taking the Laplace transform of Eqs. (i) and (i} and neglecting the initial conditions. we get

Tix)=Js G (s)+ K[6,{=) - #:()]

=|45° + K18 (50— K&y (x) (iif}
and K6 0x) = 80 sh] + i) =0
e Cfa 4 Krdyte)= Kiis)
or Hj{x;|=m {iv)
. Jr K
Substituting the value of &d{s) Fom Eg. (iv) in Eq. (i), we get
T(ey= 0" + K &5 — K 5 KJELQ-.}
. m“[m-‘ + IR+ Kfs+ K7 - .f:f]
fi+ K

((s) _ B+ K
T(5)  s(dfs® + JKs + KF)

The analopous electrical equations based on force-curment analogy are as follows;

'lpl ; dey 1
=02t ) =Ly — | (e;—e3) o
i = L{.p, &) or iy = +LIM ey ) lt
gy _ 1 - . _
and mj ¢,1+H - 0 or L—F{rj :-Ly,dr+ﬁ!rj =1
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The amalogovs electrical circuit based on force-current analogy is shown in Figure 2.4 1{a),

i I."-TH“. I : i %}-D Lc:
1 " B iy

- Tt |

fal ih)
Figure 241 Example 217 Analogous electrical circufts based on (a) lorgue-current analogy and
(b} forque-voltage analogy

The electrical equations based on force-voltage analogy are as follows:

d* g . Ldi
=L '+ B @ ——‘+— b et
el 3 {,J{n idp) e el _[{4, B2 de
and l'['l? —g J+.’-.’dq’ = L. iI{; —d bt + Ri, =0
@ dt L A -

The analogous elecirical circuit based on force-voltage anslogy is shown in Figure 2.4 1(b),

Example 2.18  Write the torque equations of the rofgtional svstem shown in Figure 2,42, Find

the transfer function w
Tis
8y
K | |
[ ﬂ"| i HNLI Ay
. v/
) &

Figure 242 Example 218 Folational syslam,

Solution:  The free-body diagram of the rotational svstem is shown in Figure 2.43(a) The
corresponding mechanical network s shown in Figure 2.453(bL

L fely
T
—— T —y
fiir) K, — &)
nﬂlll o tﬁl \" _Kl'i Iy @D |j, o
v/ | J ,f "/ i
T _' f, —
i
(4} (b

Figure 2.43  Examgle 2 18: {a) free-body diagram and {B) mechanical network.
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The differential equations governing the behaviour of the rotational system are as follows:

d.E

Ty=J, f‘ +K(8 - 8,) (i)
elt

d* 8, .

and 0=J, pr; + K{& - 6,) (ii)
I

Taking the Laplace transform on both sides of Egs. (i) and (i1), we get

Tis)= J,.r?ﬂl{.:H K[8,(5)—8,(5)] = {Jlsl +K) 8 (s)- K&, (s) (1i1)
and 0=J,576,(5)+ K[, (5)— 8,(s5)]
Le. (J25° + K)8,(5)= K8 (s)
¥
h(s)=———8(5) (iv)
28 1L, +K

Substituting the value of &(s) from Eq. (1v) in Eq. (in), we get

I(s)=(J,s° +K}B]{a'}——ﬁlfﬂ{jj
Jy5"+ K
Therefore, the transfer function of the system is
Bis) Jyst + K It + K

T(s) JJus* +(Fy + DK $2JT087 + (T + K]

Example 2.1% Write the torque equations of the rotational system shown in Figure 2.44. Find

the transfer function 6(s) :
T'(s)
a7} 8 (1)
o O A O [ O W
S I I Maotor 1 | 7y
w / ./ w/ w/
8,(1) 1) 5 Ti1) &, (1)

Figure 2.44 Example 2.19: Rotational system.

Solution: The free-body diagram of the given rotational system is shown in
Figure 2.45(a). The corresponding mechanical network is shown in Figure 2.45(h).
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K8,-8) @ 8 Ki(8,-8)
45 H"| ‘\“1 g, m‘| H‘] J \
o o * #
8, Tir) Tr) 8,
{a) ib)
Figure 2.45 Example 2.19: (a) free-body diagram and (b) mechanical network.
The differential equations governing the behaviour of the rotational system are as follows:
d’e,, -
T'[IJ=.J,,'T£F,—+E1"L&~_Hz]"f'ﬁ:-.ﬂﬁm—ﬂ]' (1}
d’ o, G
JE?-I_HZ{EE_&IW:I;{' {'l'l:l
d’8
J,—+K(6-6,)=0 (iii)
elt
Taking the Laplace transform of Eqs. (i), (ii) and (iii) and neglecting the initial conditions,
Tis)= Jm.'zzﬂm{.r}+ K.l8, (s)—6(5)]+ Ki[6,,(5)—6,(s)]
ie. T(x)=1J,5" +(K; + K| 6,,(5)— K,0,(3) - K 6,(5) (iv)
570,050+ K, [8,(5) =8 (s)]=0
ie. [J,57 + K, ] 8,(5) = K,8,,(5) (v)
J,5°8,(5)+ K, [8,(s) =8, ()] =0
ie. [7;s° + K] 8(5)=K,8, (5) (vi)
Jyst + K Jist 4+ K
||!i',,,|[:r}=3::—+2 E';.{s'_lz'sT_l_’ 8(5) [from Egs. (v) and (vi)]
2 1

Putting the values of &,(s) and &i(s) in Eq. (iv), we get

Jis* + K, 55+ K, | K,
2 llg-k (5)— K8 (5)
] 1 E[J'I.!.'3+KI K.Iﬂt 1Y

Tis)=[J 5" +(K, + K)] [
i
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[ J5" + 1Ky + K™+ K8™ + KKy + KON 8° + K,) 8,(5)

I

— K, 08 + KK+ KT8 + KK, 6,(5)

Therefore, the

(J,8° + K;)K,

transfer function is

6 (5) _ (Jy5° + Ky)K,

TG JJad s +(Kad o Jy + Do d Ky + Do Ky + T3 d, Ky )s

LK b S h et LR + F o K B — L K = B

- 6i(s) _ (J58% + K,)K,
T(s) S Jpd, 8" + (K 0y 4 0, K,y + D0 K+ T, K )8
+ (KK + ZWEK K, +7 K.K,)s5
Example 2.20 Write the torque equations of the rotational system shown in Figure 2.46. Draw
the analogous electrical networks based on (a) torque-current and (b) torque-volitage analogies.
8,(1) B,01)
K, K
gy H\II| - Hllli Motor F\I Id_\llll J|
v/ v/ v/ o ow/
B.(1) 1) J i B0 :
||r: L _.ir|
Figure 2.46 Example 220 Rotational system.
Solution: The free-body diagram and the mechanical network corresponding to the given

rotational system are shown in Figures 2.47(a) and 2.47(b).

IFEEZ KEEEHI_EJ} 'E'l‘r" ﬂm HI‘.H.H_HI" _,i‘r|91
t‘\ gy H\I W‘l T xﬁ H'I J| j%:
7 P o P o
B, M) 1) 6
(a)

—1;

l!!-:}
Figure 2.47 Example 2.20; (a) free-body diagram and (b) mechanical network,
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The differential equations for the rotational svstem are as follows:
2

g
Tit) =J"_Tz'"+ K8, -8+ K8, -8)

e,
- +K3J-{mm — a0, ) dr +K’IJ'{&I," —a, )t

or =i,
'8, ag
gy L (R — 8 =0
' dt’ h it (& =)

or J|%+_ﬁfﬂ| +K:j'[f'-"t— il =10

d’ d

J e
t
i
or J!agh"u+f3m, +E:,J-1m! -l et =0
i

The analogous electrical network based on torque-current analogy is shown in Figure 2.48
The analogous electrical network based on torque-voliage analogy 15 shown in Figure 249,

Figure 248 Exampie 2 20 Analogous electrical network based on torque-curment ansiogy.

!'J -, "'I_‘ R'_ =) 'r_"
Y AN~

Figure 249 Example 2.20; Analogous elecincal network based on torque-voltage analogy,
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Example 2.21  Write the differential equations governing the mechanical rotational system

shown in Figure 2.50 and determine the transfer function &s)/T{s).

T E| K| ﬁ' ||I
9 i Lo R
Jy Jy | |
)

Figure 2.80 Example 2.21: Rotational system,

oy
i

[
T RERTTTTETT

3
3

Solution: The frec-body diagram and the meéchanical network corresponding 1o the given

rotational system are shown in Figures 2.51 and 2.32 respectively.

K(8-8) 18-

U D=

} ;) AT 0 P
2 v/ w ./
T ﬂl II':l[HI - E} Irlrtal y H’ H

Figure 251 Example 2.21; Frae-body diagram,

-
& 1B

O [

Figure 2.52 Example 2.21: Mechanica! network,

The differential equations for the rotational svstem based on Mewton's law af motion
iwhich states that the algebraic sum of torques acting on a rigid body is equal to the product

of the moment of inertia and angular acceleration of the bodv) are as follows:

16 da e,
T—K&—H—a,"'——]= —t
& ) "r"[ ot it 'a‘r2
or = :T + fia (e — e+ K,me,—m}drﬂ
{

18 dd I8 d’e
-0 (454

elf el ot

or I}=Jgt—iﬂ+ feo+ fia(o— ooy )+ K,th—m,}d:

(i

(i)
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Taking the Laplace transform of Eqs. (8) and (i) with zero initial conditions,

T(sh= Ja B0) + fial80,(5) — s803)]+ K, 168,(5) — ()]

ie Ty =(ds" & fan+ KD B ()= e+ K 800 (iii)
0= 05 Bla)+ i)+ fial s808) = 58, (5)] + K[ 8051 — ()]
ie. (F357 + fi+ fla5+ KV B8 — ( fras + K B (5)=0
#(n= (387 + fi+ fia0 + Ky ) 6La) {iv)
Jias + &y

Substifuting the value of &45) from Eq. (iv) in Eq. (iii), we get

[+ f + fiahs+ K] &)

Tisy={J 8" + (.5 + K,
1 .Irll ] -Ill-izﬁ_|I R.-I

—{fix + K} BLs)

Tt + (yfia # B P+ L i) (DK + 13K+ [+ i )

z 2.3 2 >
le. Tlsp= TR + K+ Ry - i’ — Ky 29K, B}
_Ir11.¥+.ﬁ.r[
ie. Tio= Fhast 4 (T fia # I T+ T )8 + (LK K+ ffa) 8 + Ky fs 8(5)

J;:.'ll + K]
Therefore, the tramsfer function is
5] i fas +K|
T} sldpdas™ +(afig # 5 + 0 fi2)s™ 0K+ JoK + ) s+ Ko f)

2.7 SERVOMOTORS

The control systems which are used 1o control the pasition or time derivatives of position, i.e.
velocity and acceleration are called seevomechanizms, The motors which are used in automatic
control systems are called servomorars. The servomotors are used to convert an electrical signal
(eomtrod voltage) applied o them into an angular displecement of the shalt, Depending on the
construction. they can operate either in a continuous duty or step duty.

A variety of servomotors are available for control system applications. The suitability of a
molor for a particular application depends on the characteristics of the sysiem, the purpose of
the system and s operating conditions.,

In peneral, a servomotor should have the following featres:

& Linear relationship Between speed and electric control signal
e Sieadv-state stability
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Wide range of speed contraol

Lingarity of mechanical characteristics throughout the entive speed range
Low mechanical and electrical inertia

& Fasl response

Servomotors are broadly classified as do servomotors and ac servomotors depending on the
power supply réquired to mn the motor. Eventhough de motors are costlier than ac motors, they
have linear characteristics and so it 15 casier to contral, They are generally used lor large power
applications such as in machine tools and robotics.

The advantages of do servomotors are as follows:

[. Higher output than from an ac motor of the same size.

2. Easv achievement of lincar characteristics.

3. Easier speed contral from zero speed 1o full speed in both the directions,

4. High wrgque o ineriia ratio thai gives them guick response o control signals,

5. The dc servomotors have light weight, low inertia and low inductance armature that can
respond quickly o commands (or a change in position or speed,

G, Low elecirical and mechanical time constants,

7. The de motors are capable of delivering over 3 times their rated torgue for a shor iime
commpared o the 2 to 2.5 times the mated torgque developed by the ac motors,

The advantages of ac servomolors are lower cost, higher efficiency and less maintenance
since the brushes and commutator are not there, The disadvantages ol ac motors are their
characteristics are quite nonlinear and these motors are more difficull to control especially for
positioning spplications.

The ac motors are best suited for low power applications, such as instrument servo (2.,
control of pen in -y recorders) and computer-related equipment (e, dise drives, tape drives,
printers, ete,). The three-phase induction motors with pulse width modulation power amplifier
are currently paining popularity in high power control applications.

271 DC Servomotors

The do servomotars are broadly classified into (a) sliding contact motors with commutator and
brushes and (b) brushless or contact less motors with SCR/ransistor commutator,

The sliding contact motors may be classified into (2) permanent magnet motors and
(h) electromagnetic Neld motors,

The permanent magnet motors may be (a) eylindrical armature motors, or (h) disc armature
motors, or () moving coill motors.

The electromagnetic feld motors may be (a) amature-controlled motors, or (k) field-
controlled motors, or (¢} series motors, or (d) split field motors,

Permanent magnet dc motors:  In this type of motors, the armature is placed in rotor and
the field winding is replaced by permanent magnel poles fixed w the stator to produce the
required magnetic field. Permanent magnet motors are economical for power ratings up to 4
few kilowatts,
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The following are some of the advantages of permanent magnel motors:

I. A simpler and more reliable motor because the field power supply is not required.

2. Higher operating efficicney as the motor has no field losses,

. Field NMux is less affected by temperature rise.

4. Higher torque/inertia ratio.

5. Speed is nearly directly proportional to armature voltage at a given load torque.

. A more linear torque'spesd curve.

7. Higher output power al the same dimensions and temperature limitations,

The disadvantages of permanent magnet motors are: the magnets deteriorate with time and
demagnetized with large current transients. These drawbacks are eliminated by high-grade
magnetic materials such as ceramic magnets and rear eanh magnets. But the cost of these
muaterials is very high.

Electromagnetic field de motors:  Electiromagnatic moetors are econamical for higher power
ratings generally above 1 kKW, This type of servomotor is similar to a conventional de motor
constructionally but hos the following special features:

[. The number of slots and commulator segments s lae 0 improve commuolalion.
Compoles and compensaling windings are provided 1o eliminate sparking.

The diameter to length ratio is kept low 1o reduce inertia,

Oversize shafts are employed to withstand the high torque stress,

Eddy currents are reduced by complete elimination of the magnetic circuit and by using
livw loss steel.

I

R

In this type of motor, the torgue and speed may be controlled by varving the armature
current amdfor the field current, Generally, one of these is varied o control the torque and the
other is held eonstant. In armature-contralled mode of operation. the field current is held
constant and the armature current is varied o control the lorque. In the feld-controlled mode,
the armature current is maintained constant and field current is varied o control the torgue.

In serva applications, de molors are requited to produce rapid accelerations from standsiill,
Therefore, the physical requirements of such a motor are low inertia and high starting torque.
Low inertia is attained with reduced armature diameter with 8 consequent increase in armature
length such that the desired power output is achieved., Thus, except for minor differences in
constructional leatures, a de servomotor is essentially an ordinary de motor,

In control systems, the de motors are used mainly in two different control medes: armature
control mode with fixed feld current.and ficld control mede with fixed amature current,

Armature-controlled de servomotor:  An armature-controlled de servomotor is 8 de shunt
motor designed to satisfy the requirement of a servometor, If the field current is constant. then
speed is directly proporfional to ammatuere voltage, and torgque is directly properiional fo armature
current. Hence the torque and speed can be controlled by armature voltage. Reversible operation
is possible by reversing the armature voliage,

In small motors, the armature valtage is controlled by o vardable resistance, Buot in large
miodors in order 1o reduce power loss, armature voltage is controlled by thyristors,
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Figure 2.53 shows an armature-controlled de motor.

R, L, i (constant)
Wi -
rd : @ T
_ LS
a8 ™

Figure 2.53 Ammature-controlled dc motor,

In this system,

R, = resistance of armature winding (in ohms)
L, = inductance of armature winding (in henrys)
i, = armature current (in amperes)

ir = feld current (in amperes)

¢ = apphed armature voltage (in volis)

e, = back emf (in volis)

Ty = torque developed by motor (in N-m)
& = angular displacement of motor shaft (in radians)
J = equivalent moment of inertia of motor and load referred to motor shaft (in kg-m®)
fo = equivalent viscous friction coefficient of motor and load referred to motor shaft (in
N-m/rad/s)
In servo applications, the dc motors are generally used in the linear range of the
magnetization curve. Therefore, the air gap flux ¢ is proportional to the field current, i.e.

@ = iy
or ¢ = K iy (2.8)

where Ky is a constant.
The torque T'y; developed by the motor is proportional to the product of the air gap flux ¢
and the armature current i, i.e.

T.w o .ma
i.e. T.'h" o "R::" f_n" !I:r
or Ty = Ky Kpip iy (2.9)

where K; is a constant.
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In the armature-controlled de motor, field current is kept constant, so the equation for T,
can be written as

Ty =Ky i, {2.10)

where Ky is known as the motor torque constant.
The motor back emf is proportional to speed, i.e.

-
b i
dd
or =K, = 2.11
€ b ( )

where K, is the back emf constant.
The differential equation of the armature circuit is

di
e=l —+Ri +e¢ 2. 13
't di ' ) { .}
The torgue equation is
d’g d &
Ty =Kpl, =J—+ fo— 2.13
M =Rl i fo o (2.13)

Taking the Laplace transform of Egs. (2.11)+2.13),
E,(5) = K 56(5) (2.14)
E{sy=L, sl (s)+ R, I (5)+ E,(5) (2.15)
I (sWL 5+ R.)= E(s)— E,(s)

E(s)—E,(5)
(L.s+R_)

e I(s)= (2.16)

Js*0(s)+ fos@(s) =Ty ()= Kpl,(s)

ie. Os)Js” + fus) = Kyl (s)
i.e. SO s+ fo]= Ky [E(s) = By () _ K, | E(s)— K, s8(x)]
(L,s+R,) (L.s+K,)

[Substituting the values of [ (s) and Eu(s) from Eqs. (2.16) and (2.14)]
i.e. (Ls+R)s(Js+ fi)Ns)= Kp E(s) = Ky K, 56(5)
i.e. SIL s+ R (s + fo) + Ko K, 18(s) = Ky E(5)

Therefore, the transfer Tunction s

80s) _ Ky
E(s)  s{(Ls+RWJs+ f)+ KK, |
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The block diagram of the dc motor can be obtained as follows, The block diagram
representation of the equation
Eis) = f50s)
I s)= s Bt rd
(la+e R
is shown in Figure 2.54(a), where the ciecular block representing the differencing action is

known as the summing point,
The block disgram representotion of the equation

K.
Asy=1 (s)—L1—
slds + fy)

is shown in Figure 2.54(b). Here the signal is taken off from a take-off point and fed to the
feedback block. The block diagram representation of the eguation

Eyix) = Kpillx)

is shown in Figure 2,54 (c).

Fipure 2.54(d) shows the compleie block diagram of the syvsiem under consideration
obtained by connecting the block diagrams shown in Figure 2.54(a). Fizure 2.54{b) and Fizune
LERT T

-

E(5) I - din
+ L.r“- S Ru -

E,is)|
(o
i) K, )
S+ 1)
(b
&)
£.i5
L
el
.I':It.'u']
.|'-.'|.‘,'r
{d}

Figure 2.54 Block diagram of ammature-controllad do mator
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The block dizgram of the system under consideration can be dircctly obtained from the
physical system of Figure 2.53 by wsing the mechanical networks derived already.

Ihe voltage applied to the armature circuit is £(x) which is opposed by the back emf i),
The nel voltage £{x) - Eys) acis on a linear eircuit comprised of resistance and inductance in
series, having the transfer function 1404 = ®.). The result is an armature eorrent J(£). Since
the field is fixed. the torgue rotates the load ata speed @(s) against the moment of inertia Jf and
the viscous friction with a coefficient /. The transfer function is 14 + 50 The back emf signal
Els) = K, s85) is 1aken off from the shafi speed and fed back negatively to the summing point.
The angle signal &) is obtained by integrating (i.e.. by multiplving by /%) the speed s&x]. This
results in the block diagram of Figure 2.55, which is equivalent to that of Figure 2.54,

| i)

i ! ix] o T._I[.'.':I: 1 Hix S
|

Lyt Ru St f

e

|"¢.|I -

Figure 2.55 Block diagram of armnature-contrafled do motor.

The armature circuil inductanee £, is usuallv negligible. Therefore, the transfer function of
the armature-contralled motor simplifies o

Ky
Bls) _ R, 217
Eis) = K K il
Jy +.'.'[1|"U+—T-----]
R.’i

Kk,
R

The term [_In’;j - J of By, (2.17) indicates thag the back em@ of the motor e@ectively

K.K . . P
"1 b he the effective viscous friction

increases the viscous friction of the system. Let = f, +

coefficient, Then. Eq. (2.17) becomes
K K
) & K, 2 K.f (2.18)
Eixy o os(ds+ ) si{Jsifi+1]
Equation (2,18} may be written as

s K,
Eis)  s(7,5+1)

= molor E_H-il! costant

= motol time censtant
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Field-controlled dc servomotor: A field-controlled dc servomotor, is a dc shunt motor de-
signed to satisfy the requirement of a servomotor. In this motor, the armature is supplied with
a constant current or voltage. When armature voltage is constant, the torque is directly propor-
tional to the field flux. Since the field cwrrent is proportional to flux, the torque of the motor
is controlled by controlling the field current. The response of a field-controlled motor is how-
ever slowed by field inductance.

A field controlled dc motor is shown in Figure 2.56(a).

Ry i i, (constant)
—"AA—— R —
| L Eiz) I J'l,f.*r} L ﬁ:l': )
f . Ls+R, s+ )
. .

(&) (b}
Figure 256 (a) Field controlled dec motor and (b) block diagram of field controlled dc motor.

In this system,

R; = field winding resistance (in ohms)
Ly = field winding inductance (in henrys)
¢ = field control voltage (in volts)
fp = field current (in amperes)
Ty = torque developed by motor (in N-m)
J = equivalent moment of inertia of motor and load referred to motor shaft (in kg-m?)

f = equivalent viscous friction coefficient of motor and load referred to motor shaft
{in N-m/rad/s)
& = angular displacement of motor shaft (in radians)

In the field-controlled motor, the armature current is fed from a constant current source.
Since the motor 15 operating in the linear region of the magnetization curve, the flux is
proportional to the field current, i.e.

@ = iy
or ¢ = Ky

where K is a constant.
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The torque developed by the motor
Ty == @i,
Ty = Krigpiy
or Ty =Ky Kri, ir= K5y
where K, is a constant.
The equation for the field circuit is

di :
The torque equation is
&' A8 . i

Taking the Laplace transtorm of Eqs. (2.19) and (2.20), assuming zero initial conditions, we
get
(Lps+ R, (5)= E(x)

E(s
€. !;{J}=¢ (2.21)
E.-J. 54 R_I"
(Js* + f$18(s) =T (s) = Ke'leis)= R B
':I.-Jrﬁ' + R_,I":'
[Substituting the value of I{s) from Eq. (2.21)]
Therefore, the transfer function is
K
Bis) _ Ky' B Ry f B K.,
E(s) s(L,s4+K WNJs+ f) L. S(Ts41)Mr 5+1)
/4 f / W e P [‘EH] f "
Rf |
W Bl s
where - R, f motor gain constant
Lf
7 il time constant of field circuit

R

I
g G .

Lo =T = mechanical time constant

The block diagram of the field controlled de motor is shown in Figure 2.56(b).
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Comparison of armature-controlled and field-controlled modes: For small size motors,
field control is advantageous because only a low power servoamplifier is required, while the
armature current which is not large can be supplied from an inexpensive current amplifier. For
large size motors, it is on the whole cheaper to use armature control scheme. Further, in an
armature-controlled motor, back emf contributes additional damping over and above that pro-
vided by load friction.

2.71.2 AC Servomotors

An ac servomotor is basically a two-phase induction motor except for certain special design
features. A two-phase induction motor consists of two stator windings oriented 90°,
A two-phase servomotor differs in the following two ways from a normal induction motor.

1. The rotor of the servomotor is built with high resistance so that its X/R (inductive
reactance/resistance) ratio is small which results in linear speed-torque characteristic, as
shown by curve b in Figure 2.57. But the conventional induction motors have large X/R
ratio which results in high efficiency but in highly nonlinear torque speed characteristics
as shown by curve o in Figure 2.57. Also because of the positive slope for part of the
characteristic, the system using such a motor becomes unstable.

2. The excitation voltage applied to two stator windings should have a phase difference of
90",

Torgue &
Large X'R

il

Small X/R

0 Synchronous Rotor
speed speed

Figure 2.57 Torgue-speed characteristics of induction motor.

Construction of ac servomotor: An ac servomotor is basically a two-phase induction motor
with some special design features, The stator consists of two pole pairs (A-8 and C-0) mounted
on the inner periphery of the stator such that their axes are at an angle of 90° in space. Each
pole pair carries a winding. One winding is called reference winding and the other is called
control winding. The exciting current in the winding should have a phase displacement of 90°,
The supply used to drive the motor is single-phase and so a phase advancing capacitor is
connected to one of the phases to produce a phase difference of 90°. The constructional features
of an ac servomotor are shown in Figure 2.58.
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Figure 2.58 Simplified constructional features of & two-phase ac servo motor: (3) stator (b) exciting
currenis and {c) rolor.

[==3 3

The rotor construction is usually squirrel cage or drag-cup type, The squirre] cage roror is
misde of laminations. The rotor bars are placed in the slots and shorl-circuited al both ends by
end rings. The diameter of the rotor is Kept small in order to reduce inertia and o obiyin good
aceelerating characleristics.

The drag-cup construction is employed for very low inertia applications. In this type of
construction, the otor will be in the Torm of a hollow eylinder made of pluminum. The
aluminum cylinder itself acts as shor-circuited rotor conductors (electrically both types of rotors
are identicall,

Working of a two-phase induction motor:  Figure 2,539 shows g schematic diagram for
batanced eperation of the two-phase induction motor. The stator windings are excited by
voltages of equal rms magnitude and 90% phase difference. This results in exeiting curments 7
and f» that are phase displaced by 90° and have equal rms value. So their respective fields will
b 0% aparl in both time and space resulting in a magnetic feld of constant magnitude rotating
at synchronous speed. The direction of votation depends upon phase relationship of the two
currents (voltages), As the Geld sweeps over the rotor, volfages are induoced in it producing
current in the short-circuited rotor. The rotating magnetic Geld interacts with these currents
producing & forgue on the rotor in the direction of field of rotution and so the rolor starts moving
in the same direction as.that of rotating magnetic fald,
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e

Flgure 2.58 Schematic diagram of a two-phase mducton molor.

Working of an ac servomotor:  In servo applications, the voltages applied to the two stator
windings are rarely balanced. Fizure 2,60, shows a schematic diagram of an ac servomotor as
a control system component, As shown in Figure 2,60, one of the phases known as the reference
phase i excited by a constant voltage, and the other phase known as the control phase is
energized by a voltage which is 90° out of phase with respect to the voltage of the reference
phase, The control phase voltoge is supplied from a servo amplifier and it has a variable
magnitude and polarity (£20° phase angle with respect to the reference phase). The direction
of rotation of the motor reverses as the polarity of the comrol phase signal changes in sign,

The control signals in control systems are usually of low frequency. in the range of 0 to
20 Hz, For praduction of rotating magnetic feld, the control phase voltage must be of the same
frequency as the reference phase voltage and im addition the two voltages must be in fime
guadrature. Hence, the control signal is modified by a camrier whose fregquency is the same as
that of the reference voltage and then applied to control winding, The ac supply itself is used
as carner signal for medulation process, The 90%-phase differcnce between the control-phase
and the reference-phase voltages is obtained by the insertion of a capacitor in reference winding.

Reference
phinse
i
Servo
amplifier
Actuating rT
signal et
.—
T
phuase

Figure 2.60 Schematic dizgram of & two-phase servomolor,

The torque-speed curves of & typical ac servomolor plotted for fixed reference phase vollage
and with variable rms control voltage are shown in Figure 2.61. All these curves have a negative
slope, Mote that the curve For zera control voltage goes through the origin, This means thal
when the control phase voltage becomes zero. the motor develops a decelerating torque and so
the moter stops. The curves show a large omgque a1t zero speed, This s 8 reguirement for g
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servomotor in arder to provide rapid acceleration, The torque-speed curves of ac servomotors
are nonlinear excepd in the low speed region.

Torgue &
EI;_‘E:':-_EI ':-IE'"=|'_| 'I'.I

E,

T, {stall)

E (rated)

ﬂ
£ sp:r:dFB Y -“"“'--.g'__l__ g speed &
i -l b

Figure 2.61 Servomotor characterisiics,

Torguee 4

Ty
—_—
—
—_—
il

Transter function of an ac servomotor: e

Ty

torque developed by servomotor
angular displacement of rolor
d@dt = angular speed

7y = torque required by the load

T E o
n n

J = moment of inertia of load and the rotor
K; = slope of control-phase voltage versus torque characteristics
K1 = slope of omue-speed charactenstic

With reference 1o Figure 2,01, we can say that for speeds near gero, all the curves are
straight linegs parallel to the charactenstic al rated input voltage (¢, = £) and are equally spaced
for equal inerements of the input voliage, Under this assumption, the terque developed by the
moler is

, dl
Ty =Klrr_'ﬁ-3¥ (2.22)
The load torque is given by
48 _add
fi=d—+f— (2.23)
) ie® ! ar

Al equilibrium, the motor torgue is equal to the load torque. Therefore,

d*g 48 dd
e i e R B e {2.2"”‘
el bt LR

Taking the Laplace transform on both sides of Eq. (2.24) and neglecting inmial conditions,
we pet

g
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J5 B 5) + fsils) = K\ Eds) — K-s#ls)

ie. (52 + f5s + Kax) 8s) = K, EA5)
The transfer function of the system is therefore
Hls) K, B K,
E.(3) Js+ fs+ K5 Js?
A T
s(f+K;)
[ I J s(7,5+1)
—s+1
f+K,
K, s
where K  =——— = motor gain constant
[+ K,
J [
T, = .f"‘—Ffzr = motor time constant

2.8 SYNCHROS

A synchro 1s an electromagnetic fransducer commonly used to convert an angular position of
a shaft into an electric signal. It is commercially known as selsyn or aufosyn. It produces an
output voltage depending upon the angular position of the rotor. It works on the principle of an
induction motor.

2.8.1 Synchro Transmitter

The basic synchro unit is usually called a synchro fransmitter. Its construction is similar to that
of a three-phase alternator. The two major parts of a synchro transmitter are stator and rotor. The
stator (stationary member) is of laminated silicon steel and is slotted on the inner periphery to
accommodate a balanced three-phase winding which is usually of concentric coil type (three
identical coils are placed in the stator with their axes 120 apart) and is Y connected. The rotor
is of dumb-bell construction with a single winding and is wound with a concentric coil. A
single-phase ac voltage is applied to the rotor winding through slip rings. The constructional
features and a schematic diagram of a synchro transmitter are shown in Figures 2.62. and 2.63
respectively.
Let an ac voltage

v.(8) = V, sin a () (2.25)

be applied to the rotor of the synchro transmitter as shown in Figure 2.63. This voltage causes
a flow of magnetizing current in the rotor coil which produces a sinusoidally time varving flux
directed along its axis and distributed nearly sinusoidally in the air gap along the stator
periphery. Because of transformer action, voltages are induced in each of the stator coils. As the
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air gap flux is sinusoidally distributed, the flux linking stator coil is proportional to the cosine
of the angle between the rotor and stator coil axes and so is the voltage induced in each stator
coil. The stator coil voltages are of course in time phase with each other. Thus we see that the
synchro transmitter acts like a single-phase transformer in which the rotor coil is the primary
and the stator coils form the three secondaries.

Stator

Slip rings

/;h

E
E
e —7 Rotor coil
1'_\—|_._‘_:
- By — A T ——
i 7 Stator winding

Figure 262 Constructional features of a synchro transmitter.

AC supply |

)

Figure 263 Schematic diagram of a synchro transmitier.

Let v, Vo, and v,;, respectively be the voltages in the stator coils §,. §; and §; with
respect to the neutral. Then, for the rotor position of the synchro transmitter shown in
Figure 2.63, where the rotor axis makes an angle # with the axis of the stator coil 5,
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Van = KV, 5in @t cos (6 + 120°)
Viag = KV, sin @t cos & (2.26)
Vg = AV, s @it cos (@ + 2407)
The three terminal voltages of the stator are as follows:
Vited = Vo — Vaou = V3 KV, sin (& + 240%) sin @1
Vi S Vg = Wig = q@ KV, sin (& +120°)sin @t (2.27)

Voad = Veaw — Voty = 1.1"5 KV, sin & sin @1

when #= (), from the above equations [Eqs. (2.26) and (2.27)] it is seen that maximum voltage
is induced in the stator coil 85, while the terminal voltage v,s,, is #zero. This position of the rotor
is defined as the electrical zero of the transmitter and is used as reference for specifying the
angular position of the rotor.

Thus it is seen that the input to the synchro transmitter is the angular position of its rotor
shaft and the output is a set of three stator coil to coil single-phase voltages. The magnitudes
of these voltages are functions of the shaft position. So by measuring and identifying the set of
voltages at the stator terminals. it is possible to identify the angular position of the rotor.

2.8.2 Synchro Control Transformer

The constructional features of a synchro control transformer are similar to that of a synchro
transmitter except for the shape of the rotor. The rotor of the control transformer is made
cylindrical in shape so that the air gap is practically uniform. This feature of the control
transformer minimizes the changes in the rotor impedance with the rotation of the shaft. Another
distinguishing feature is that the stator winding of the control transformer has a higher
impedance per phase. This feature permits several control transformers to be fed from a single
transmitter. The output of the synchro transmitter is applied to the stator windings of a synchro
control transformer.

Working: The rotor shaft is connected to the load whose position has to be maintained at the
desired value. Depending on the current position of the rotor and the applied emf on the stator,
an emf is produced in the rotor winding. This emf can be measured and used to drive a motor
s0 that the position of the load is corrected.

2.8.3 Synchro as an Error Detector

The synchro error detector is formed by interconnection of the synchro transmitter and the
synchro control transformer as shown in Figure 2.64. The stator leads of the transmitter are
directly connected to the stator leads of the control transformer. The angular position of the
transmitter rotor is the reference input and the rotor is excited by a single-phase ac supply. The
control transformer rotor is connected to a servomotor and to the shaft of the load. whose
position is the desired output. Initially, the transmitter and the control transformer rotor are
assumed to be in their electrical zero position. The angular separation of both rotor axes in this
position is 90°. The electrical zero position of a control transformer in a servo system is that
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position of its rotor for which the output voltage on the rotor winding is zero with the transmitter
in its electrical zero position.

Svnchro transmine Caontrel transfamer
¥

Figure 264 Synchio arar deleclor.

When the transmiter polor is excited, the rotor My is sel up and emis are induced i stator
coils. These induced emfs are impressed on the stator coils of the control transformer. The
currents in the slator coils set up fux in the control ransformer. Doe to the similarity in the
magnetic construction, the flux pattern produced in the two synchros will be the same it all
losses are neglected.

Let the rotor of the transmitter rotate through an angle & from its electrical zero position
in the direction indicated and lat the contrel transformer rotale in the same dicection through an
angle ¢ resulting in a net angular separation of ¢ = (90 — & + &) between the two rotors, So
the wvoltage of the rotor terminals of the control rmnsformer is then

el =K'V, cos (90 — &+ o) sin cor = KV cos (& — ) sin s {2.28)

Equation (2.28) shows that the output voltage of the synchro error detector is a modulated
signal with carrier frequency .

The synchro transmitter-control transformer pair thus acts as an errer detector giving a
voltage signal at the rotor ferminals of the control transformer proportional to the angular
difference between the transmitter and control transformer shaft positions.

2.9 GEAR TRAINS

Ciear trains are used in control systems (o anain the mechanical matching of the motor o the
Toad. Usually, a servomotor operales at a high speed bt at g low orque, To drive s load with
a high torgue and low speed by such a motor, the torque magnification and speed reduction are
achieved by gear traing, Thus in mechanical svstems, gear trains act as matching devices like
transformers in electrical systems.
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Figure 2.65 shows a motor driving a load throogh a pear train which consists of two gears
coupled together. The gear with N, teeth is called the primary gear (analogous to the primary
winding of the transformer) and the gear with N teeth is called the secondary gear,

A
Ty il N, teeth
777 R W77
',' ] ,E" T ] e dizar | [ Primcy gear)
Input torque & Shafi | —
fi 1
i Shafi2 @,
Py l'-.\ B ’;'
Giear 2 (secondary pear) —u
8y Lond torgue
|"'II1 t‘.'r':ﬂ'! T_l

Figure 265 Gear frain systam.

The angular displacements of shafis 1 and 2 are denoted by & and & respectively. The
minnent of inertia and viscous friction of moetor and gear | are denoted by S and # and these
of gear 2 and load by /5 and f, respectively,

For the first shall, the differentiol equation is

d'6, - dg
T =g bl (2.29)

where Ty is the orgque developed by the moter and Ty 38 the load worque on gear 1 duee w the
rest of the gear train.
Far the second shafl
d'a, dd,
A =+ f,—=+1, =T {230
2 I i =43
where T} s the load torque and T is the lead torque on gear 2 due 1o the vest of the gear train.
Let » be the radius of gear | and r» be the radius of gear 2. Since the linear distance
travelled along the surface of each pear is the same, r| 8 = rofh. The number of teeth on pear
surface being proportional to mear radius, we obiain
L.

6 n N
Here the stiffiness of the shafis of the gear train is assumed 1o be infinite. In an ideal case
of mo loss in power transfer, the work done by gear 1 0s equal o that of gear 2, Therefore,
N8 = T.6h
0 L P

S P 232
L6 N ke

(2:31)




82  Control Systems

Differentiating twice, we have the following relation for speed and acceleration.
6, 6, N
b 6 N,

CE3T)

Thus, if i-1:1. the gear train reduces the speed and magnifies the torque.
2
Eliminating T, and 75 from the torque equation using Eq. (2.32) and then Eq. (2.30), we

get

d’e, _de, d?E myl N
Ty=h—+ +h=dy—+ LT
M = Tl iy YR
d' &1 dé, . N d?ﬁr: dﬁ’z
J +T: |1=T 2.34)
+fi 2 N? 2 n‘rl th——+T; M !

Eliminating & using Eq. (2.32), Eq. (2.34) reduces to

M), |26 d6,
[J]-I_[E] jz]“‘{'};ﬁ-—‘"’ h+ [Nj] fz] dt [NE]T} =Ty

Thus, the equivalent moment of inertia and viscous friction of gear train referred to shafi
| are

2
N,
J'heq. =J; +[Ng] g5 ﬂﬂ? fi+ (N:.] IE

In terms of equivalent moment of inertia and friction, the eguation for Ty, i.e. Eq. (2.29)
may be written as

d’, d#, [ N,

Ty =2
NJL e

where [—']TL 15 the load torque referred to shaft 1. Similarly, expressing &, in terms of &,

2
the equivalent moment of inerfia and viscous friction of gear train referred to load shaft are

2 2
N N,
Jieq=";2+[?i] Iy f?rq=.f2 [ J i
I

i
The torque equation referred to the load shaft may then be expressed as

d’e de N
Jaq di"’ [ocq d’ TL—[N:}HI
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1.

11.

12.

SHORT QUESTIONS AND ANSWERS

Most control systems contain which elements?

Most control svstems contain mechanical as well as electrical components.

From a mathematical view point, the descriptions of which systems are analogous?

From a mathematical view point. the descriptions of mechanical and electrical systems are
analogous. Given an electrical device. there is always an analogous mechanical
counterpart mathematically and vice versa.

What are the two types of mechanical systems?

The two types of mechanical systems are (a) mechanical translational systems and
(b) mechanical rotational systems,

What do yvou mean by a mechanical translational system?

A mechanical translational system is one in which the motion takes place along a straight line.

What do vou mean by a mechanical rotational system?
A mechanical rotational system is one in which the motion takes place about a fixed axis.

Using which law, the equations of motion of mechanical systems are formulated?
Using Newton’s law of motion, the equations governing the motion of mechanical systems
are often formulated directly or indirectly.

State Newton's law of motion for mechanical translational systems.

Mewton’s law of motion for mechanical translational systems states that the algebraic sum
of the forces acting on a rigid body in a given direction is equal to the product of the mass
of the body and its acceleration in the same direction.

State Newton's law of motion for mechanical rotational systems.

. Newton's law of motion for mechanical rotational svstems states that the algebraic sum

of moments or torques about a fixed axis is equal to the product of the ertia and the
angular acceleration about the axis.

Using which ideal elements the mechanical translational systems are modelled?

. The mechanical translational systems are modelled by using three ideal elements: mass,

spring and damper.

Using which ideal elements the mechanical rotational svstems are modelled?

. The mechanical rotational systems are modelled by using three ideal elements: inertia,

torsional spring and friction.

Define mass.

Mass is considered as a property of an element that stores the Kkinetic energy of
translational motion.

Which type of energy does a spring store?
A spring is considered to be an element that stores potential energy.
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13.

17.

18.

19.

23.

When does friction exist?
Whenever there is motion or tendency of motion between two physical elements, frictional
forces exist.

. What are the three types of friction? Which one is more predominant?
. The three types of friction commonly used in practical systems are—viscous friction, static

friction, and coulomb friction. In most physical systems, the viscous friction predominates.

What do vou mean by coulomb friction?

. The force of sliding friction between dry surfaces is called coulomb friction. This force

15 substantially constant.

. What do vou mean by viscous friction?

The force of friction between moving surfaces separated by viscous fluid or the force
between a solid body and a fluid medium 1s called viscous friction, This force 1s approxi-
mately linearly proportional to velocity over a certain limited velocity range.

What do vou mean by stiction friction?

. The force required to initiate motion between two contacting surfaces is called stiction.

Which friction is represented by a dash pot?

. Viscous friction is always represented by a dash pot.

Define inertia.

. Inertia .J is considered to be the property of an element that stores the kinetic energy of

rotational motion.

. What does torsional spring constant & represent?

The torsional spring constant A represents the compliance of a rod or a shaft when it is
subjected to an applied torque.

. What do vou mean by a free-body diagram?

A free-body diagram is a diagram showing each mass separately, with all forces acting on
the mass marked on it.

. What do you mean by a mechanical network?
. A mechanical network is a diagram indicating the interconnection of sources and

components of the mechanical system in which one end of the foree or torque sources and
the mass or inertia elements is connected to ground.

Write the force balance equations for an (a) ideal mass, (b) ideal spring and (c) ideal dash pot.

. The force balance equations for the elements of mechanical translational system are as

follows:
= .
Mass{ﬂrﬂ-—rF=M—; or ,t.'z,l,;d_‘
el i
Spring (K) = F = Kx or F=R'J.vd.r

ey :
Damper (/) = F = fI or F =ty
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24.

A,

28
A.

26.

27.

28,

29,

30.

1.

32.

Write the torque balance equations for an (a) ideal inertia, (b) ideal spring and (c) ideal
dash pot.

The torque balance equations for the elements of the mechanical rotational systems are as
follows:

d'e o
Inerti = J—- T'=J—
nertia (J) — 7 or &

Torsional spring (K) = T= K& or T= E.[wdr

de
Damper (f) = T = f? or T=fw
Lt

Mame the energy storage elements in electrical systems.
The capacitor and the inductor are the energy storage elements in electrical systems.

MName the energy dissipative elements in electrical systems.

. The resistor is the energy dissipative element in electrical systems.

What is the systematic way of analvzing mechanical svstems?
The systematic way of analyzing a mechanical system is to draw a free-body diagram or
a mechanical network and then write the differential equations describing them.

What do vou mean by analogous systems?

. Systems whose differential equations are of identical form are called analogous systems.

What are the two types of analogy between mechanical translational and electrical
systems?

The two types of analogy between mechanical translational and electrical systems are
{a) force-voltage analogy and (b) force-current analogy.

What are the two types of analogy between mechanical rotational and electrical systems?

. The two types of analogy between mechanical rotational and electrical systems are

{a) torque-voltage analogy and (b) torque-current analogy.

Name the analogous electrical elements in force-voltage analogy for the elements of
mechanical translational system?

. In force-voltage analogy, the analogous quantities in mechanical translational

and electrical svstems are Force (F)-Voltage (e)., Mass (M)-Inductance (L),
Friction (f)-Resistance (&), Spring constant (K)-Reciprocal of capacitance {1/,
Displacement (x)-Charge (g). Velocity (v)-Current (i).

Mame the analogous electrical elements in force-current analogy for the elements of
mechanical translational system?

. In force-current analogy, the analogous guantities in mechanical translational and

electrical systems are Force (F)-Current (i), Mass (M)-Capacitance (), Friction (f)-
Reciprocal of resistance (1/R), Spring constant (K)-Reciprocal of inductance (1/L),
Displacement (x)-Flux linkage (@), Velocity (v)-Voltage (e).
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33.

A,

34,

35.

3o,

37.

38.

39.

o

41.

Name the analogous electrical elements in torque-voltage analogy for the elements of
mechanical rotational system?

In torque-voltage analogy, the analogous quantities in mechanical rotational and electrical
systems are Torque (T)-Voltage {¢), Inertia (/)-Inductance (L), Friction (f)-Resistance (&),
Spring constant (K)-Reciprocal of capacitance (1/C), Angular displacement (#)-Charge (g).
Angular velocity (a)-Current (7).

Name the analogous electrical elements in torque-current analogy for the elements of
mechanical rotational systems?

In torque-current analogy, the analogous quantities in mechanical rotational and electrical
systems are Torque (7)-Current (i), Inertia (J)-Capacitance (), Friction ()-Reciprocal of
resistance (1/R), Spring constant (&)-Reciprocal of inductance (1/L). Angular
displacement (#)-Flux linkage (@), Angular velocity (a)-Voltage ().

What do you mean by analogy? What is the advantage of finding analogy between
systems?

Analogy means similarity. Using analogy, it is convenient to study a non-electrical system
in terms of its electrical analog as electrical systems are more easily amenable to

experimental study. The advantage of finding analogy between two systems 1s an
unfamiliar system can be analyzed easilv in terms of the familiar system,

Define the term “Impulse response of a system’.

. The impulse response of a system is defined as the output when the input 1s a unit impulse

function &(¢). Once the impulse response of a linear system is known, the output of the
system c(#), with any input #{f) can be found by using the transfer function.

Give the two definitions of the transfer function.

The transfer function of a linear time-invariant system is defined as the Laplace transform
of the impulse response of the system, with all the initial conditions set to zero. The
transfer function of a linear time-invariant system is also defined as the ratio of the
Laplace transform of the output to the Laplace transform of the input with all initial

conditions neglected.

Can a transfer function be defined for nonlinear systems?

. No. A transfer function can not be defined for nonlinear systems.

For which systems can a transfer function be defined?

. The transfer function can be defined only for linear time-invariant systems.

What do you mean by a strictly proper transfer function?

A strictly proper transfer function is one in which the order of the denominator polynomial
is greater than that of the numerator polynomial.

What do vou mean by a proper transfer function?
A proper transfer function is one in which the order of the numerator polvnomial is equal
to that of the denominator polynomial.
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What do vou mean by an improper transfer function?

. An improper transfer function is one in which the order of the denominator polynomial

is lees than that of the numerator polynomial.

What do yvou mean by characteristic equation? Why that name?

. The characteristic equation of a linear system is defined as the equation obtained by

setting the denominator polynomial of the transfer function to zero. This equation
characterizes the behaviour of the svstem. Hence the name characteristic equation.

The stability of a linear time-invariant system is governed by what?

. The stability of a linear time-invariant system is governed completely by the roots of its

characteristic equation.

What do vou mean by a sinusoidal transfer function?

. The transfer function obtained by replacing s with jw in the original transfer function is

called the sinusoidal transfer function.

What do vou mean by multivariable system?
A multi-input-multi-output system is called a multivariable system.

Does the transfer function of a system depend on the input?

. No. The transfer function of a system does not depend on the input.

How is the transfer function to be derived when a number of systems are cascaded?

When loading is considered, the overall transfer function should be derived by basic
analysis without regard to individual transfer functions.

When there is no loading, the overall transter function 15 equal to the product of the
individual transfer functions of the systems connected in cascade.

Why are differential equations converted into algebraic equations?

. The solution of higher-order differential equations is quite a tedious process, so

differential equations are converted into algebraic equations by using Laplace transforms.

What do vou mean by loading in electrical systems?
Loading in electrical systems means drawing the current from them.

What are servomotors?

The motors used in control systems or in servomechanisms are called servomotors. They
are used to convert electrical signal into angular motion.

. What are the characteristics of servomotors?

The characteristics of servomotors are as follows:

Linear relationship between the speed and the electric control signal
Steady-state stability

Wide range of speed control

Low mechanical and electrical inertia

Fast response

Pl
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53, Compare ac and do servomotors,
A, The ac and do servomotors are compared as follows;

L Ted M PR ife e PR T
I. Low power sulpul . Belmtivelv high power outpul than an ac
servomoter of Lthe same size,
2. Charpcigristics: are nonlinear, 2. Characterisiics are lingar.
3. Slow response due to higher values of 3. Fast response doe o fow electrical and
time constants. mechanical time constants.
4. Suitable for low power applications. 4. Suitable for high power applications.

54, What are the advantages of permanent magnet de servomotors?
A. The advantages of permanent magnet de servomotors are as follows:

35,

A,

I
o
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A simpler and more reliable motor because the field power supply is not reguired.
Higher efficiency due fo the absenee of field losses,

Field flux is less affected by wemperature rise.

Less heating, making it possible to totally enclose the motor,

Mo possibility of over speeding due 10 loss of field,

A more linear torque versus speed curve.

Higher power output at the same dimensions and temperature limitations,

What are the special features of electromagnetic field dc servomotors?
The special features of electromagnetic field de servomotors are as follows:

SLEE L L

The number of slots and commutator seaments is large W@ improve commutation.
Compeles and compenzating windings are provided (o eliminate sparking.

The diameter 1o [ength ratie is Kept low o redoce inerio,

Owersize shafts are employed to withstand the high torque stress,

Eddy currents are nedoced by complete lamanation of the magnetic circoit and by using
low-loss steel,

What for de motors are used in control syslems?
In servo applications, de motors are wsed 1o produce rapid acceleration from stand il
S0 the phyvsical requirements of such motors are low incrlia and high starting torgue,

What are the two control modes in which the de motors are used in control syatems?

The two control modes in which the de motors are used in control systems are {a) armature
controd mode with Oxed field cumrent and (b)) feld control mode with Axed armatune
current.

For which motors Deld control is preferred and Tor which modors armature control s
preferred?

For small size motors, feld control is advantageous and for large size molors armature
control is preferred.
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How does an ac servomotor differ from a normal two-phase induction motor?

. An ac servomotor is basically a two-phase induction motor but it differs from that in two

ways.
I. The ac servomotor has low value of X/R to achieve linear torque-speed characteristics.
But normal induction motors have large values of 'R for higher efficiency.

2. The ac servomotor has low inertia rotor. The inertia of the rotor is reduced by reducing
the diameter or by drag-cup construction.

What is a synchro?

A synchro is an electromagnetic transducer commonly used to convert an angular position
of a shaft into an electric signal. It works on the principle of a rotating transformer
{induction motor).

What are the commercial names of a synchro?

. The commercial names of a synchro are: selsyn, autosyn and telesyn.

What is synchro pair? What for is it used?

. A synchro pair is a system formed by interconnection of the devices—synchro transmitter

and synchro control transformer. A synchro pair may be used either to transmit an angular
motion from one place to another or to produce an error voltage proportional to the
difference between two angular motions.

What are the differences between a synchro transmitter and a synchro control transformer?

. The differences between a synchro transmitter and a synchro control transformer are as

follows:

I. The rotor of a synchro transmitter is of dumb-bell shape, but the rotor of a synchro
control transformer is cylindrical.

2. The rotor winding of a synchro transmitter is excited by an ac voltage. In a synchro
control transformer, the induced emf in the rotor is used as an output signal (error
signal).

What 15 electrical zero position of a svnchro transmitter?

. The electrical zero position of a synchro transmitter is a position of its rotor at which one

of the coil-to-coil voltage is zero. Any angular motion of the rotor is measured with respect
to the electrical zero position of the rotor.

What is electrical zero position of a synchro control transformer?

The electrical zero position of a synchro control transformer in a servo system is that
position of its rotor for which the output voltage on the rotor winding is zero, with the
transmitter in its electrical zero position.

What is aligned position of a synchro pair?

. The aligned position of a synchro pair is one in which both the synchro transmitter and

the synchro control transformer are in their electrical zero positions. The angular
separation of both rotor axes in aligned position is 90° The error signal is zero in the
aligned position.
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What are the applications of synchros?
Synchros are used in servomechanisms (position control systems) as error detectors and

to convert angular displacements to proportional electrical signals. They are also used in
control systems to transmit angular motions from one place to another.

What for gear trains are used in control systems?

. Gear trains are used in control systems to obtain mechanical matching of motor to load,

They are used to alter the speed to torque ratio of the rotational power transmitted from
motor to load. This is necessary to meet the torque requirement of the load.

What is gear ratio?

. The gear ratio of a gear train is the ratio of torque, speed, angular displacement. velocity

and acceleration between any two gear wheels in that gear train. The gear ratio between
gear wheels @ and b in a gear train is given by

No_n T, _6 _o _&
N n T, 8 o a,

A servomotor is connected through a gear ratio of 12 to a load having moment of inertia

J and viscous friction coefficient f. What are the equivalent parameters referred to motor

shaft side.

. Let Ny = number of teeth in gear wheel connected to motor shaft

N> = number of teeth in gear wheel connected to load shafi
Given Ny/N; = 12
Moment of inertia of load referred to motor shaft = AN,/N; ¥ = 144 J

>

Coefficient of friction of load referred to motor shaft = fiN{/N; ) = 144 f

. How do vou compare gear trains and transformers?
. In mechanical systems, gear trains act as matching devices like transformers in electrical

syslems.

REVIEW QUESTIONS

Derive an expression for the transfer function of a single-loop control system.

Derive an expression for the transfer function of an armature controlled de servomotor.
Derive an expression for the transfer function of a field controlled dc servomotor.
Explain the construction and working of an ac servomotor.

Derive an expression for the transfer function of an ac servomotor.

Explain the construction and working of a synchro.

Write short notes on gear trains. Derive an expression for the motor torque.
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FILL IN THE BLANKS

Most control systems contain as well as components.

From a mathematical view point, the descriptions of mechanical and electrical elements
are

. The motion of mechanical elements can be described as or or

4. In mechanical systems, motion takes place along a straight line.

SI'

1.
11.
12,

13.

16.

17.
18.
19.

20.

21.

22,

In mechanical systems, motion takes place about a fixed axis.

The wvariables that are used to deseribe the translational motion are

is considered as a property of an element that stores Kinetic energy of

translational motion.

In general i1s an element that stores potential energy.

The force of sliding friction between dry surfaces is called friction force.
The force required to initiate motion between two contacting surfaces is called
The element for viscous friction is often represented by a

The force of friction between moving surfaces separated by a fluid or the force between
a solid body and a fluid medium is called force.

is considered as a property of an element that stores the kinetic energy of
rotational motion.

. Systems whose differential equations are identical are called ~systems.

The classical way of modelling linear systems is to use to represent input-
output relations between variables.

The transfer function is defined only for systems. It is not defined for
systems.

The transfer function is defined only when the are neglected.
The transter function is independent of the to the system.

The transfer function between an input variable and an output variable of a system is
defined as the Laplace transform of the of the system.

The transfer function is defined as the ratio of the to the with the
assumption that all are Zero.

The transfer function is said to be if the order of the denominator polynomial
is greater than that of the numerator polynomial.

The transfer function is said to be if the order of the numerator polynomial
Is equal to that of the denominator polynomial.
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23. The transfer function is said to be if the order of the numerator polynomial
is greater than that of the denominator polynomial.

24, The characteristic equation of a linear system is defined as the equation obtained by
setting the of the o zero,

25. The transfer function obtained by replacing s with jw in the original transfer function is
called the

26. In servo applications are required to produce rapid acceleration from stand
still.

27. In control svstems, the dec motors are used in two different control modes (a)
and (b}

28. In servo applications, the dc motors are generally used in the range of the
magnetization curve,

29. For small size motors is advantageous and for large size motors %
preferred.

30. Gear trains are used in control systems to attain mechanical matching of to

31. In mechanical systems, gear trains act as matching devices like in electrical
systems.

32. The motors used in automatic control systems or in servomechanisms are called

33. Servomotors are used to convert into

34. The characteristics of servomotors are nonlinear, whereas the characteristics of

servomotors are linear.

35, servomotor is suitable for low power applications and SErVoImo-
tor is suitable for high power applications.

36, servomotor has fast response and servomotor has slow response.

37. The ac servomotor has value of X’R, whereas a normal induction motor has
A value of YR,

38. A is an electro magnetic transducer commonly used to convert an angular
position of a shaft into an electric signal.

39. A synchro is commonly known as or

40. A synchro pair consists of a and a

41. The rotor of synchro transmitter is of shape, but the shape of synchro control
transformer is

42. Any angular motion of the rotor of a transmitter is measured with respect to the

of the rotor.
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Answers to Fill in the Blanks

1. mechanical, electrical 2. analogous 3. translational, rotational, combinations of both
4. translational 5. rotational 6. displacement. velocity, acceleration 7. mass 8. spring
9. coulomb 10. stiction 11. dash pot 12. viscous friction 13. inertia 14. analogous
15, transfer function 16. linear time-invariant, nonlinear 17. initial conditions 18. input
19. impulse response 20. Laplace transform of the output, Laplace transform of the input,
initial conditions  21. strictly proper 22. proper 3. improper 24. denominator polynomial,
transfer function 25. sinusoidal transfer function 26. dc motors 27. (a) armature control
mode with fixed field current, (b) field control mode with fixed armature current 28. linear
29. tield control, armature control 30. motor, load 31. transformers J32. servomotors
33, electrical signal, angular motion 34, ac, dc 35, ac, dc¢  36. dc. ac 37. low, large 38, synchro
39, selsyn, autosyn 4. Synchro transmitter, synchro control transtormer 41, Dumb-bell,
cylindrical 42. Electrical zero position.

OBJECTIVE TYPE QUESTIONS

1. The motion of mechanical elements can be described as

{a) purely rotational

{b) purely translational

{c) rotational or translational or combination of both
(d) none of these

2. Translational motion is the motion

(a) along a straight line (b) about a fixed axis
(c) along a random path (d) none of these

3. Rotational motion is the motion
(a) along a straight line (b) about a fixed axis
{c) along a random path {d) none of these

4. An element that stores the Kinetic energy of translational motion 15 called
(a) mass {b) spring
(c) damper (d) none of these

5. An element which stores potential energy 1s
(a) mass {b) spring
(c) damper {d) none of these

6. The force of sliding friction between dry surfaces is called
{a) coulomb friction force {(b) viscous friction force
{c) stiction {(d) none of these
7. The force required to initiate motion between two contacting surfaces is called
{a) coulomb friction force (h) viscous friction force
{c) stiction (d) none of these
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8. The friction force acts in a direction
{a) opposiie to that of motion (b) perpendicular to that of motion
{c) along that of motion {d) none of these
9. The viscous friction force is approximately linearly proportional to
{a) displacement (b) velocity
{c) acceleration (d) none of these
10. An element that stores kinetic energy of rotational motion is called
{a) inertia (b} torsional spring
(c) damper {d) mass
11. The transfer function is defined only for
(a) linear time-varying systems (b) linear time-invariant systems
(c) linear and nonlinear systems {d) all of these

12. The transfer function is defined as the Laplace transform of the response for a

(a) step input (b} impulse input
{c) ramp input (d) parabolic input
13. The transfer function is dependent of the
(a) parameters of the system {b) initial conditions of the system
{c) input to the system (d) output of the system

14. For strictly proper transfer function, the order of the numerator is
(a) equal to that of the denominator
(b) greater than that of the denominator
(¢) smaller than that of the denominator
{d) not related to that of the denominator

15. For proper transfer function, the order of the numerator is
(a) equal to that of the denominator
(b) greater than that of the denominator
{c¢) smaller than that of the denominator
(d) not related to that of the denominator

16. For an improper transfer function, the order of the numerator 15
{a) equal to that of the denominator
{b) greater than that of the denominator

(c) smaller than that of the denominator
(d) not related to that of the denominator

Answers to Objective Type Questions

l.c 2.a b 4.a 5Db 6.2 7.¢c 8a 9b 10.ba 1.b 12.b 13.a 14. ¢
15.a 16. b
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PROBLEMS

2.1 to 2.12: {a) Write the differential equations governing the behaviour of the mechanical

systems shown below.

(b) Draw the analogous electrical circuits based on force-current and force-voltage analogies.

{c) Write the corresponding differential equations.
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2.1.
2.2,

2.3,

1.4.

2.5.

1.6.

2.7,

1.8.

2.9

2.1

2.11.

2.12.

Answers to Problems

(a) Fit) =K(ya=») My +f ) +K(y=¥)=0
(@) Fi)=M» + in+K(n-n)+ i —3)=0

MV + (¥ = W)+ Ky, =¥+ 33, =0
(@) Fiy+Mg=Ky(yy =y MPp+E(p=ni+fih+Ky=0
(a) F(r)=M % + K;(x —x;)+ Kyq + fi5.

Maxy + K3(x =)+ Ky —x3)+ Kpxy + f0, =0

M. %+ Ky (x; —x,)=0
(@) Fiti =M%, + o0 + Koxy + Kj(x; = x) + fi{x; =) =0,

M% + filk — %)+ Ky(x - %) =0
(a) F(ry=M ¥, + {5 —3;)+ o5, =0, M4+ fiti; —x)+Kx, =0
(@) Fi) =M% + fixi + Kj(x = x3), Mad + o5 + fi5 + Kyxy + K (X3 = ) =0
(@) Flry=Mx + fig, + Ky + Ki(x —x3) + Ko (x =),

May¥s + fa(i; = %)+ Ky(ta = x) =0, K306 —x)+ f3(% - 4)=0
(@) T=K(6, = 0:). /,0, + Ky (6, = 6) + [,6, + [3(8, - 6,) =0,

1,6; + f16: + f1(6, — 6,) + K,6, =0
(@) T=J8 + £,6,+ K, (6, - 6,). J,6, + [,0, + K, (8, - 6,) + K (6, - 6;) =0,

J30 + f30: + K (6, = 6,) + K36, =0
(@) F(r)+ Mg = f(3 — &) + Ky (x5 — x3),

ME, + fi(xs = %)+ K (x; = 2} + foi, =0
{a) F(N=Mx+ fix+ f(x— ¥} + K{x— ).

Myv+ v+ [(¥y=3)+K(v=x)+ K,y=0



Block Diagram and
Signal Flow Graphs

3.1 BLOCK DIAGRAMS

A control system may consist of a number of components. To show the functions performed by
each component in control engineering, we commonly use a diagram called the block diagram.
A block diagram of a system is a pictorial represemtation of the functions performed by each
component and of the flow of signals. Such a diagram depicts the inter relationships that exist
among the various components. It can be used together with the transfer functions to describe
the cause-and-effect relationships throughout the system. Differing from a purely abstract
mathematical representation, a block diagram has the advantage of indicating more realistically
the signal flows of the actual system. In general, block diagrams can be used to model linear
as well as nonlinear systems,

In a block diagram, all system variables are linked to each other through functional blocks.
The functional block or simply block is a symbol for the mathematical operation on the input
signal to the block that produces the output. The transfer functions of the components are
usually entered in the corresponding blocks, which are connected by arrows to indicate the
direction of the flow of signals. The signal can pass only in the direction of the arrows. Thus,
the block diagram of a system explicitly shows a unilateral property.

Figure 3.1 shows an element of the block diagram. The arrow head pointing towards the
block indicates the input, and the arrow head leading away from the block represents the output.
Such arrows are referred to as signals.

M Transfer A1)
ilp——»  function = ap
Cril5)

Figure 3.1 Element of a block diagram,

The dimensions of the output signals from the block are the dimensions of the input signal
to the block multiplied by the dimensions of the transfer function in the block.
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The advantages of the block diagram representation of a system lie in the fact thae it is casy
to form the overall block diageam of the entire system by merely connecting the blocks of the
components according to the signal flow and that it is possible o evaluate the contribution of
each component o the overall performance of the system.

In general, the functional operation of the syvstem can be wvismalized more readilv by
examining the block diagram than by examining the physical system itself. A block diagram
contains information regarding dyvnamic behaviour, but it does not include any information on
the physical construction of the system. Consequently many dissimilar and uneelated svsiems
can be represented by the same block diagram.

In a block diagram, the main source of energy is not explicitly shown and the block diagram
of a svstem is not unique. A number of differem block diagrams can be drawn for a system,
depending on the point of view of analysis.

The plus or minus sign at each arrow head indicates whether the signal is to be added or
subtracted, 1t is important that the guamntities being added or subtracted have the same
dimensions and the same units,

The block diagram elements used frequently in control systems and the related algebra
are shown in Figure 3.2, One of the important components of a control system is the
sensing device that acts as a jumction point for signal comparisons. The physical
components invelved are: the potentiometer., synchro, resolver. differential amplifier,
multiplier and other signal processing transducers. In general. sensing devices perform
simple mathematical operations such as addition, subtraction, multiplication (nonlinear) and
some times combination of these,

1) = rlr) + it}
(1) = Riz) + CLx) Ris)

e(f}=rir) ~cif)
E(x] = Riz)— Hx)

fan ]

Fili) ey =rin e -eld g ()= rlr) (1)
Rigy: 4 Efs}=R,(0 + fois) - Clv) Rix) ") = RO ELE)
<l | Clx)
ich d)
Tiske=odl
A1) point
e G = (1 []
= Ol
e

Figure 3.2  (a), (b) and [c] Addition and sublraction operatians and (d) mulliplication operation and
(&) take-off paint
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The block diagram representations of these operations are illustrated in Figure 3.2. In
Figure 3.2, a circle with a cross is the symbol that indicates a summing operation. The addition
and subtraction operations in Figure 3.2(a). Figure (b) and Figure (c) are linear, so that the input
and output variables of these block diagram elements can be time-domain variables or Laplace
transform variables.

elf) = r(t) — i)
E{s) = R(z) — K(s)
The multiplication operation is nonlinear, so that the input-output relation has meaning only
in the real (time) domain.

Branch point: A branch point or a take-off point is a point from which the signal from a
block goes concurrently to other blocks or summing points.

3.1.1 Block Diagram of a Closed-Loop System

Figure 3.3 shows an example of a block diagram of a closed-loop svstem. The output C(s)
is fed back to the summing point where it is compared with the reference imput. When the
output is fed back to the summing point for comparison with the input, it is necessary to
convert the form of the output signal to that of the input signal. The role of the feedback
element 15 to modify the output before it 1s compared with the input. This conversion 1s
accomplished by the feedback element whose transfer function is H(s). The output of the
block C(s) in this case is obtained by multiplying the transfer function G(s) by the input to
the block E(s). The feedback signal that is fed back to the summing point for comparison with
the input is Bis) = C(x)H(5).

Summing Take-off
point point
o
G‘ 5 ::' '{1; Rl:.'f} G{ .'|'-:| i‘l:-_n,-}
f‘ " T+ Gu) HE) '
H(s)
{a) (b)

Figure 3.3 Block diagram of a closed-loop control system.

The following terminology is defined with reference to the diagram of Figure 3.3;

r(f), R(s) = reference input (command)
c(r), Cs)

output (controlled variable)

bir), B(s) = feedback signal
e(t), E(s) = error signal
(r(s) = forward path transfer function

His) = feedback path transfer function
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((x) His) = I{s) = lnap transfer function or open-loop transfer function

C
Tis) = ﬁ = closed-loop transfer function or system transfer function

The closed-loop transfer function T{s) can be expressed as a function of G(s) and [Ks).
From Figure 1.3,

Cs) = Gis) E(s) (3.1)

and B(s) = Cls) H(s) (3.2)
The error signal s

£(s) = R(s) - B(s) (3.3)

Substituting Egs. (3.3) and (3.2) in Eq. (3.1), we get

Cls) — GI[R(s) — B(3))
= G(s)R(s) — G(s)B(s)
= G{s)RIs) - G{s)H(s)C(5)
or A1 + GHE) = Gis)A) (3.4)
Cisy Gis)
Risy 1+GsiH(s)

In general, a control system may contain more than one feedback loop, and evaluation of
transfer function from the block diagram by means of the algebraic method described above
may be tedious. The transfer function of any linear system can be obfained directly from its
block diagram by use of the signal flow graph gain formula.

3.1.2 Block Diagrams and Transfer Functions of Multivariable Systems

When multiple inputs are present in a linear system, each input can he treated independently of
the others. The complete output of the svstem can then be obtained by superposition. i.e. cutputs
corresponding to each input alone are added together.

Consider a two-input linear system shown in Figure 3.4(a). The response to the reference
input can be obtained by assuming [f{s) = 0. The corrzssponding block diagram shown in
Figure 3.4(b) gives

Cls) = outpui due to R(s) acting alone
_ G (535, 5)
1+G,(s)G, (1) H(s)

Ris) (3.5)

Similarly, the resporse 1o the input LAs) is obtained by assuming R(s) = 0. The block
diagram comesponding to this case is shown in Figure 3.4 (¢) which gives

Cy{s) = output due to L{(s) acting alcne
_ G,(s)
1+G(5)Ga(5) H(s)

LUis) {1.6)



Uis)
< CYs)
| ij_i
His)
(a}
C
- —'jfj{f ]
L His) |
(b}

Cidd

:I — ] sz,l,'j |
G () His)

(4]

Figure 34 [a) Block diagram of a 2-input system, (b) biock diagram when Ui(s) is zero. and
[c) bock dizgram when R(s] is zero,

The response due to the simultaneous application of R(s) and U/s) can be obtained by
adding the two individual responses, ic. Egs. (3.3) and (3.6).

Cls) = Cpls) + Cels)

» Gy (s)
1+ G,(5)G,(5) H(s)

[Gy(s)R{s) + U(s)] (3.7)

Consider now the case, where |Gy(s)H(s)| == 1 and | G(s)G2(s)His) | == 1. In this case, the
closed-loop transfer function U {s)/U(s) becomes almost zero, and the effect of the disturbance
is suppressec. This is an advantage of the closed-loop sysiem.

On the cther hand, the closed-loop transfer function Cg(s)/R(s) approaches 1/f(s) as the
gain G (5)GA$)H(y) increases, This means that il |G(a)Ga(s (5] == 1, then the closed-loop
transfer function Cg(s)/R(s) becomes independent of Gy(s) ard Gy(s) and becomes inverscly
proportional to H(s) so that variations of G,(s) and G(s) do not affect the closed-loop transfer
funetion Cgls)/R(x). This is another advantage of the closed-loop system. It can easily be sean
that any closed-loop systam with unity feedhack His) = 1. tends to equalize the input and
output,

Two block diagram representations of a multivariable system with p inputs and g
outputs are shown in Figure 3.5. In Figure 3.5(a), the individual input and output signals
are designated whereas in the block diagram of Figure 3.5(b), the multiplicity of inputs and
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outputs is denoted by vectors. In practice, the case of Figure 3.5(b) is preferable because
of simplicity.

R(s) Ciis}
R) | G
. Multivarinhle i i |
: systen i Ro) > M T
Rp,{':} (‘v{s}
(a) )

Fiqure 3.5 Block diagram regresantation of a multivariable svstemn,

In the case of maltiple-input-multiple-output system shown in Figure 3.5{a), the ith output
Ci(s) is given by the principle of supcrposition as

r
C,(5) =EG¢-{51R;H). i=1,2,m (3.8)
=1
where ®,(s] is the jth input and G{s) is the transfer function betweer. the 7th output and jih input
with all other inputs reduced W zero.
In matrix form, Eq. (3.8) can be cxpressed as

Ci(s)| |Gls) Gpals) = Gy(5) || Ry(s)
CZ[.T} G:]{J'j Gzz{"} b Clp{j} Rit‘r}

() G (8) Gpafs) o+ G () || R (5]

This can be expressed in compressed matrix notation as
Cs) = G(IR(s) (3.9)
where, R{(s) = vector of inputs (In Laplace transform) (12)
Gis) = Matrix transfer function (g = p)
Cis) = wector ol oulputs (In Laplace transfomm) (g)
The corresponding block diagram can be drawn as in Figure 3.5(b), where thick arrows
represent muli-inputs and putputs.
Figure 3.0 shows the block diagram of a multivariable feedback control system. When a

feedback loop is present as in Figure 3.6, cach feedback signel iz obtained by processing in
general all the outputs. Thus for ith feedback signal, we can write

B(s)= Y H,(5)C,(s) (3.10)

=1
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The ith error signal is then

E(s) =R{s) — Bis) 31D
Genemlizing, 'n matrix form, we can wrile
Efs) =R{s) — B{s) (3.12)
E(s) z
Ris) (+(5) = Cls)
?+ -
ifis) K _

Figure 3.6 Block diagram of a multivariable feedaack control systam.

The transfer function relaticnships of the system are expressed in vector-matrix form as
C(x) = G{z)F(x)
E(s) = R(s) - B(s)
Bis) = C(») H(s)
where C(s) is the ¢ = 1 output vector; E(s), R(s). and I¥s) are all p = 1 vectors; and G{s) and
His) are g = prand p x g transfer function matrices respectively. Simolilying
C(s) = G(s)E(s) = G(s)|R(s) — Bis)|
= G(sIR(:) — G(s)B(x)
= GIS)R(s) - G(s)H($)C(s)
C(s) = [1 + G(s)H(s)]™" G(nR(s)
Provided that 1 + G(spi(s) is nonsingular. The closed-loop transfer-matrix is defined as
Ts) = [1 + GEH()]'GEs)
Cis) = T()R(s) (3.13)

3.1.3 Procedure for Drawing 2 Block Diagram

A control system can be represented diagrammatically by a block diagram. To draw a block
diagram for a system, first write the differential equations that describe the dynamic
behaviour of each component. Then take the laplace transforms of these differential equa-
tions, assuming zero initial conditions 1o obtain the algebraic equztions. These equations
will have variables and constants. From the working knowledge of the system, the input and
output variables are identitied and the block diagram for each equation cen be drawn. Each
equation gives one section of block diagram, the output of one section will be the input for
another section. The various sections are interconnected to obtain the overall block diagram
of the system.



Block Diagrams ang Signal Fiow Graphs 105

As an example, consider the B circuit shown in Figure 3.7(a). The equations for the circuit
are as follows:

j=5i"% (3.14)
R
1
=— i 115
&, C j! ot (3.1%)
The Laplace transform of Eqs. (3.14) and (3.15) with zzro initial conditions yields
f(g.:M (3.16)
r
E,,{s‘.:L, I(s) (3.17)
Cx
"
+ W\r -+
T l T E(5) Ef)-Efs | | | s
g, T) c &, ¥ ﬁ
w__ | E.ix)
(a) (b)
1z} ] E ) Eis) I 1 E..{_f}
—_— E —_— _-"+ —R- L Cg- L
(c {d)y

Figure 3.7 Block dizgram of an electrica netwaok.

Equation (3.16) represents a summing operation and the corresponding diagram is shown
in Figure 3.7(b). Equation (3.17) represents the block as shown in Figurz 3.7(c). Assembling
thesz two elements, i.e. /(s) and E (s) we obtained the overall block diagram for the system as
shown in Figure 3.7(d).

3.1.4 Block Diagram Reduction

It is important to note that blocks can be connected in series, if the output of one block is not
affected by the next following block. If there are any loading effects between the components,
it is necessary to combine these components into a single block. Any number of cascadec blocks
representing non-loading components can be replaced by a single block, the transfer function
of which is simply the product of the individual transfer functions. .

A complicated block diagram invelving many feedback loops can be simplified by a
step-by-step rearrangement, using the rules of block diagram algebra. Some of these important
rules are given in Table 3.1. They are obtained by writing the same equations in a different way.
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Simplification of the block diagram by rearangements and substitutions considerably reduces
the labour needed for subsequent mathematical analysis. [t should be noted, however, that as the
block diagram is simplified, the transfer functions in new blocks hecome more complex because

new poles and zeros are generated.

In simplifying a block diagram, the following points should be remembered.
1. The product of the transfer functions in the feed forward direction must remain the

same.

2. The product of the transfer functions around the loop must remain the same.

Table 3.1 Important rules for block disgram reducion

|

:

X,6,G,

X

X,6,6G

GIX, - X)
i

XG=X,

Ay

1. Comtining blocks in cascade

2. Combinirg blocks in paraliel

4. Maoving 8 summing point ahaad of a block

X,G,G,
oG, —"
G +G, [

GlX = 4)
+
*% X,
G p—

3. Moving a summing peint after a block

X G=X,

X, AN @ =549
- +=
+ .
)

{Contd.)
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Y, X6 ¥ X.G
G |—= = G *

rl N 'rl

j — /G |

5. Moving a taka-ofl point after a block

NG X, XU

4
— 5
XG X6
+ -— 0

Ly

8. Moving a take off point ahead of a block

—'-l:"_ G
i _ X, e, A
GH
H ¥

7. Eliminating a feedback lcop

X XX A A £ X X, X2 .X, L2 =X

+ £l + +
%+ % = + +
'YE X 1 -rrl .'.{:

3. Interchanging summing points

X X x X, X A =X XzXNX,
+ +
' X,

9, Splitting a summing point

AL

10. Moving a take-off point ahead of a summing point
(Contd.)



11. Moving a take-off paint aher @ sumning point

X, @, MG, £ Gy)
. w{a{E fgems

|

NG, £ G,)

12. Removing a block from a forward path

x—G
17 GH

X " X GH
1 1
| = TR (53) 19 y

13. Removing a block from a leedback path

3.2 SIGNAL FLOW GRAFPHS

A signal flow graph misy be regarded as 2 simplified version of & block diagram. The usual
application of signal flow graph is in system diagramming. Signal flow graphs were developed
by 5.J. Mason. Unlike the block diagram reduction process, they do not require any reduction
process to obtan the transfer funciion of a complicated system, because of the availability of
a flow graph gain formula which relétes the input and cutput system variables. Mason’s gain
formula is especially aseful in reducing large and complex system diagrams in one step, without
requiring step-by-step reductions. A signal flow graph and a block diagram contain essentially
the same information and one is in no sense superior to the other. Besides the difference in
physical appearances of the signal flow graph and the block diagram, the signal flow graph may
be regarded as constrained by more rigid mathematical rules than the block diagrams.

A signal flow graph is a graphical representation of the relationship hetwezn the variables
of a set of linear algebraic equations written in tha form of cause-and-effect relations. It consists
of a netwark in which nodes representing each of the system variables are connected by directed
branches., The directed branches have associated branch gains. A signal ean be transmitted
through a branch only in the direction of the arrow. Various terms used in the formulation of
a signal flow graph arc given below,
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. Node: A node (or junction point) represents a system varishle which is 2qual ta the sum

of all the incoming signals at the node. Outgoing signals from the node do not affect the
value of the node variable.

. Branch: A branch is a line segment of the signal flow graph jcining two nodes along

which a signal travels from one node to the other in the direction indicated by the branch
arrow and in the process gets multiplied by the gain or transmittanca of the branch.

. Input node or Source: An input node is a node with only outgoing branches. It does

not have any incoming branches,

. Output node or Sink: An output noce is a node with only incoming branches. It does

noi have any outgoing branches. Any node can be converted into an owtput ncde by
connecting an additional branch with unit transmittance to it.

Mixed node: A mixed node is a node that has both incoming and ouigoing branches.

6. Path: A path is the traversal of connected branches in the direction of the branch arrows

such that no node js traversed more than once.

Forward path: A forward path is a path that starts at an input node and ends at an
owiput node, and along which no node is raversed more than once.

Loop: A loop is a path which originates and ‘erminates at the same node and along
which no node s taversed more than once.

Nontouching lvops: Nontouching loops are loops which do not possess any commuon
node,

. Path gain: The product of the branch gains encountered in traversing a path is called

the path gairn.

. Forward path gain: The product of the branch gains encountercd in traversing a

forward path is called the forward path gain.

. Loop gain: Tre product of the branch gains encountered in traversing the loop is called

. Self loop: A self loop iz a loop consisting of 2 single branch,

321 Construction of Signal Flow Graphs

The signal flow graph of a system is construcied from Is describing equations. In general, given
a set of algebraic equations, the construction of the signal flow graph is basically a matter of
following through the couse-and-effect relations relating each vorigble in terms of itself and
others. To outline the procedurs, let us consider a system described by the following set of
equations.

Xy = gy b Ak b oy b oagvy b dspky
3 = st
Xy = dhaghy todggiy

Xy = dhsXy T dysxy

wherz x. is the input variable and x5 is the output variable.
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The signal flow graph for this system is constructed as shown in Figure 3.8, First. the nodes
are loczted as shown in Figure 3.8(a). The first equation states that x- is equal to the sum of
five signals and its signal flow graph is shown in Figure 3.8(b). Similarly, the signal flow graphs
for the remaining three equations are constructed as shown in Figure 3.8(c), Figures 3.8(d) and
3.8(e) respectively giving the complete signal flow graph of Figure 3.8(1.

(a)

(b)

(<

(d)

(e)

(t)

Figure 3.8 Signal flow greph.

The overall gain from input to output may be obtained by applving Mason's gain formula

The relationship between an input varigble and an output variable of a signal flow graph
is given by the net gain betwesn the input and output nodes and is known as the overall zain
of the system. Mason’s gain formula for the determinaticn of the cverall system gain is given
by
_IMA,
T A
where A4, = path gain of the kth forward path

A, = value of A for that parl of the graph not touching the kth forward path
T = Dwverall gain of the system

r (3.18)
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A = determinant of the signal flow graph
=] - (sum of the loop gains of all individual loops)
+ (sum of the gain products of al! possible combinations of two nontouching loops)
— (sum of the gain products of all possible combinations of three nontouching loops)
+ e L8

A= I-EFMF1 -.-EJ‘JMFZ-%'I-‘-"‘ {3]9}
where M, is the gain product of pth possible comhination of » nontouching lnops.
Let us illustrete the use of Mason’s gain formula by finding the overall gain of the signal
flow graph shown in Figure 3.8(f). The following conclusions are drawn by inspection of this
signal flow graph. The details are shown in Figure 3.9,

Qi dy dy g
(a) *—n 5 - - >
X X X Ay Xy
ay iy
(b) ——— .
e A x\i‘_/’/ A
. 45
az:
(e} - S ] "
¥y X X x4 K5
iy
Q“::
(d) - - * "
X X x, T Kq
.-"'-‘-._'_.j:a_-_‘_‘_“\‘-..
5 fy
(e} [ »
X, X, X Xg
(i . ® . .
i %3 * g Kg

"’\ 7

“‘“"’:;/

Figure 3.9 {ﬂnnlﬂ )
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dﬂ
\“‘\..JI

Sl

R A

I
H

a ———— ¥ 4

Figure 3.9 Use of Mason's gain formula.

. There are two forward paths shown in Figure 3.9(a) and (h) with path pains:

Forward pﬂth XXX XgXs .I.l‘f| = iy dpy Gy clgs
Forward Pﬂm X1-X1-X3-X3 Mg = 7 iy ths

There are six individual 'oops shown in Figure 3.9(c), (d), (e), (f), (2} and [h) with loop
gains,

Loop xa-x3-xa Ly = a3 a5

Luop xz-v3 Ly = up

Loop xy-¥3-Xgx; Ly = dny a3y a2
Loop xy-xy Ly = ay

Loap xa-ry-vy-ve-x; Le = 033 034 a5 as;
Loop xzx3-xy-x; Ly = ays azs ay

. There are three possible combinations of two nomouching loops shown in Figure 3.9(1),

(j) and (k) with loop gain preducts:

me; Xp-X3-Xa and XXy LH = (33 Az f4q
Loops x:-x and x4y Loy = @z agy
Luops xp-a3-x5-07 andd x-vy Ley = sy ayg vgs Uy

. There are no combinations of three nontouching loops, four nontcuching loops, efc.

Therefore,
jl'{-pa — Jll{p.* = me= ﬂ
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Hence from Eq. (3.19) for A
A=1-(azap | an | ayayay |t ay | apasgag ag | ay aps as)
*lan @y Ay * ap Ay a3 Az ds dy)

5. The first forward path is touching all the loons. Therefore, 4; = 1. The second
forward path is not touching one loop (with gain a4) shown in Figure 3.9(1).
Therefore, A; = | — ay.

Using the Mason's gain formula, the overall gain is

T=ﬂ=M1ﬁ1 + M, A,

X A
" @ipiytaytiys + d)200as (1 — 0y
1= @y3tiyy —yy — G300y — Ay — 33404505,
T l33055057 t dyy My dyy t @6y T dyilysdsdyy

3.2.2 Basic Properties of Signal Flow Graph

1. Signal flow graph applie: only to linear systems.
2. The equations for which a signal flow graph is drawn must be algebroic equations in the
form of cause-and-effzct.

3. Modes are used to represent variables. Nomally the nodes are armnged from left to right,
from the input to the output following a succession of cause-and-cffect relations threugh
the system.

4. Signals travel along branches only in the direction described by the arrows of the
branchcs.

5. The branch directing from node x; 1o x; represents the dependence of x; upon x; but not
the reverse,

6. A signal x; traveling along a branch between x; and x; is multiplied by the gain of the
branch ay so that a signal g x; is delivered at x;.

7. For a given system, a signal Tlow graph i nct unique. Many different signal flow graphs
can te drawn for a given system by writing the system equations differently.

323 Signal Flow Graph Algebra

Based on the properties of the signal flow graph. we can outline the following manipulation
rules and algebra
1. The vzlue of the variable represented by a node is equzl to the sum of all the signals
entering the node. For the signal flow graph of Figure 3.10, the value of p, is equal 1o
the sum of the signals transmitted through all the incoming branches: ie.

F1 T dgve Tt oayvy g vg toa s
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Lg]

jih |
'*\ »

L T) T

_‘:_'—._Fr._'l-'l:;-._ v, _H“;;;\‘_\-._}'E
XH ol

'{ \.;-*T

Figure 3.10 Node as a summng point and transmitting paint.

2. The value of the variable represented by a node is transmitted through all branches
leaving the node. Ir the signzl flow graph of Figure 3.10, we have

Fa = digh
Y1 = mh
Ye = gl

- +* -

Figure 311 Signal flow graph with parallel paths replaced by one with a siwgle branch.

3. Pamllel branches in the same cirection connecting twa nodes can be replaced by a single

branch with gain equal to the sum of the gains of the parallel branches. An example of
thizs case illustrated in Figare 3.11

gy yy tyy
» . e ] + L 2 > 2
L] ¥ ¥y ¥
ol e e ¥ |
— » @
¥ ¥s

Figure 3.12  Signal low graph with cascade unidirecbonal branches replaced by a singe branch,
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4. A series connection of unidirectioral branches as shown in Figure 3.12 can be replaced
bv a sirgle branch with gain equal to the product of the branch gains.

l i) 1
Ris) E{?]E ; Yie) Hs)
-H(s)
. .
| + G5 1H5)
Ris) Yigd

Figure 3.2 Signal flow graph of the single lvop ‘eedbact coatrol
eystem replaces by a single brznch,

5. A single feedback loop can be replaced by a single branch with gain as shown in
Figure 3.13.

3.24 Construction of Signal Flow Graph for Control Systems

A contral system can be represented diagrammatically by a signal flow graph. The control
svetem i ususlly described in time-domain by differential equations. Theze differential
eqmations are first converted ino algebraic equations using the aplace transform, and these
equations are written in cause-and-effect form. The constants and the variables of the equation
are identified. From the working knowledge of the system, the variables are identified as input,
output and intermediate variables. For each variable, a node is assigned in the signal flow graph
and the constants are the gain or transmittance of the branches connecting the nodes. A signal
flow graph is drawn for 2ach equatior and all those signal flow graphs are interconnected to
ottain the overall signal flow graph of the system.

The block diagram and the signal flow graph of a system provide essentially the same
information, and one is in no way superier to the other but there is no standard procedure for
reducing the block diagram to obtain the transfer function of the svstem. Also the block diagram
reduction process ‘s tedious and time consuming as it is not systematic, and it is difficult 10
choose the rule to be applied for simplification. It mainly depends on one’s knowledge and
experience. On the other hand, there is a standa-d formula called Mason’s gain formula using
which the transfer function of a system can be obtained in one step from the signal flow of a
system. 5o, block diagram is to be converted into signal How graph.

The following procedure can be followead 1o convert a block diagram into a signal flow graph.

L. In the given block diagram, assume nodes at input, output, at every summing point, at
every branch point and in between cascade blocks,

2. Draw the nodes separately as big thick dots and number the dots in the order 1, 2, 3, ...

3. From the block diagram, find the gain between the nodes in the main forward path and
connect all the corresponding nodes by directed straight lire segments and mark the gain
between thz nodes on the segment.
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4. Draw the feed forward paths between various nodes and mark the gain between nodes

on the dirccied branches,

5. Draw the feedback paths betwean various nodes and merk the gain of feedback paths

alonz with the sign.

A comparison of a block diagram method and a signal flow method is given in Table 3.2.

Table 3.2 Comparison of blozk diagram and sianal fow oraph methcds

Biock diagram method

Signal flow graph method

. It is g pictosial representation of the functions
performed by each componemt and of the Now
ol signals,

. It zan be used to represent Inear as well as
nonlinear systems.

. Na direct formula is available to find the over-
all transfer function ot the system.

. Step-by-step procedure is to be followed to
find the transfer function.

. It 15 not a systematic method.

. It indicates more realistically the signal flows
of the system than the eriginal system itself.
. For a given system, the block diagram s not
unigue. Many dissim:lar and unrelated systems
can be represented by the same block diagram.

L.

. It 15 a graphical representation of a relationship

berween variables of a set of !Ingar algebralc
eyuations writlen in the [Gon of cause-and-
effect relations.

. It can be used to represent only linear systems.

. Mason's gain formula is available to find the

overall transier tunction ot the system.
Transfer function can be obtaired in one step.

It is a systematic method.

It is constrained by more rigid mathematical
miles than a block diagram.

For a given system, the signal flow graph is
not wnigue.

Example 3.1 Obtain the trznsfer function of the contro: system whose block diagram s shown
in Figure 3.14 by (2) block diagram reduction technique and (b) signal flow graph method.

L L

"
|
i
i
i
i
]
i
i
i
i
1
i
i
]
I
i

Figure 3.14 Example 3.1.
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Solution: (a) Block dicgram reductian technigue

I. In the block diagram shown in Figure 3,14, blocks G; and &5 are in parallel. They can
he comhined into a single block with a gain of ({7, — ;) as shown in Figure 315

F—-—-r—:{%l—i—r G, o OG-0 4 £
T— H, ) H,

Figure 3.15

2. In Figure 3.15, blocks G, and (G- — G) are in cascade. They can be combined into a
single block with a gain of G (G, - G;) as shown in Figure 316

G,(G,- )

o

Figure 3.16
3. In Figure 3.16, move the summing point after the block Hs. The resultant block diagram

is shown in Figure 3.17,

Figure 3.17

4, In Figure 3.17, blocks &y and A are in cascede. They can be combined into a single
block with a gain of &y ffs Also blocks My and 1> are in cascade. They can be
combined into a single block with a gain of &, H; as shown in Figure 3.18.
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. G,

Figure 3.18

5. Interchanging the summing points in Figure 3.18, the dlock diagram is as shown in
Figure 3.19.

R

GG -Gy

6. In Figure 3.19, combining | and Gufi~ into a slock with gain of (1 + GuH-) and
simplifying the feedback arrangement into a single block, the resultant block diagram
is &5 saown in Figure 3.20.

GG, - Gy) LoC
; - | + G(G:— G)H H, :

Figure 3.10

7. In Figure 3.20, combining the two blocks in cascade into & single block, the resultant
blozk diagrarm ic as shown in Figure 321.

El: LJ:'I_Ui
L fj+(;_1;,rﬂ(t flliy =y ) '

+ GG, ~ G A,

Figure 3.21
From Figure 3.21, the overall transfer function is

E_ G|G: _r_;|(;3 +G|G:G_1 Hz = GIG'H-GIIH:
R 1+ GG,H H, -GG,H,H,

-
-
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(a) Sigral low graph method

The signal flow graph corresponding to the block diagram of Figure 3.14 is shown in
Figure 3.22,

’ T R - / G, \\ 1
Signal flow graph e— * .
B \ _f, 2 X IS A
H, i
G, *a
! | G, G, l
Forward path 1 R r - Y * o
-G,
-
0 e N\
Forward path 2
R x, x Xy I, x, €
_ I G, G, 1
Forward path 3 5—-—;\\ x}\\ : A b
H;

a,
1 G, 1
Forward path 4 L
R Xy o T X 5
\;ﬁ
:‘Ed-._._:::t X,
me. 1 - - q—Ll—El—b—l—? [ ]
R I] x:\ x;l, .I.'* f x_'| C
K H,
-G,
S
Loop 2 . ._E"F_/ \L_i_f
P .E xy x} fa ¥, x

Figure 3.22
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The signal flew graph shown in Figure 3.22 has four forward paths and twe loops. There
are no combinations of two nortouching loops. Both the loops are teuching all the four forward
paths.

The forward paths, the gains of those forward paths and the values of A associated with
those paths are giver as folows:

Forward path R-1)=xa=xy-v-xs-C

M) = (DANG NG = G\Ga 4 =1
Forward path K-rj-x-xp-xsxsL

My = (1XING (—G3X]1) = - GGy
Forward path R-r)-xe-xs-x3-x4-xs-C

My = (DEGHENG KGN = GiGhGyll, A=
Forward path K-rj-xg-x3-x3x4-xs-C

My = (DEGHEHNGG) = ~GiGaGyly, Ay =

Loops and the gains associated with them are as follows:

g
I

Lovp ta=ni=r mtg=tg=ia Ly = (NG Hy =) = =Gy Gal Hs
LOCP Xp-Xj=X4-X5-Xg1a Ly = (G N=Ga)( 1) H H=Hy) = GyGsH i,
The determinant of the signal flow graph is A= 1 - (L, + LJ)
A= 1 - (GG H + égﬁlﬁdﬁ} = 1 + (G2 Hy — GGl H-
Applying Mason's gain formula, the transfer function is
C_MA +MA, +MA, + M A,
R A
_G6G, -GG, +6,6,6G.H, - 66,61,
| +GG-.HH, -GG, H H,

Example 3.2 Obtain the transfer function of the feedback control system shown in Figure 3.23
by (a) block diagram reduction technique and (b) signal flow graph method.

I.Ir" .

Figure 3.23 Example 3.2,
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Solution: (a) Block diagram reduction method

1. Moving the take-off point ahead of block Gy, in Figure 3.23, the block diagram will be
as shown in Figure 3.24,

i

i

o :
g

- i

i

|

-l

Figure 3.24

In Figure 1.24, blocks G5 &nd G, are in cascade. They can be combined into a single
block with a gain of (G5 Now blocks (Ga(r;) and Gy are in parallel. They can be
combined into a single block with a zain of (GyGy + Gy). Also blocks G, and [, are
in cascade. They can be combined into a single block with a gain of G.i;. The resultant
block diagram is as shown in Figure 3.25.

!\.1

M

G,G,+G,

Figure 3.25

3. In Figure 3.25. moving the take-off point after the block (F-(r; + Gy). the block diagram
will be as shown in Figure 3.26.

Figure 3.26
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4. Simplifyirg the inner loop of Figure 3.26. the block diagram is as shown in Figure 3.27,

Figure 3.27

5. In Figure 3.27, combining the two blocks in cascade in the forward path and then
simplifying the inner loop, the block diagram is as shown in Figure 3.28.

016,65+ GG
I +G,GH, + G,GH, + GH,

iy

-------------------------------------------------------------

6. Simplifying the single loop in Figure 3.28, the block diagram is as shown in Figure 3.29.

R G\b,G, + GG, C
| +G,G:H, + 6,GH, + GH, + G,G,G, + G,G,

Figure 3.29
From Figure 3.29, the transfer function is therefore

C G]Gzﬁ_q + G|G¢

R i i+G|G_1H| ‘l‘G}Gqu ol GJH'! +G1G-163 +G]G_1

(D) Signal fiow graph method

The signal flow graph for the system with the block diagram of Figure 3.23 is shown in
Figure 3.30.
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Signal flow graph

Forward path 1

Forward path 2

Toap 1
I (g

Loop 2 . H
R e

Loop 3 . .
R i

Loop 4 . =
R

Loop 5 . E

Figure 3.30
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In the signal flow graph shown in Figure 3.30, there are two forward paths and five
loops as shown and there are no two nontouching loops and all the lcops are touching both
the forward paths.

The forward paths and the gains associated with them are given as follows:

Forward path By -ws-wy-vp-ve-ve-ve-l”

My = (1(NGHINGNGX) = GGGy A=

Forward path F-x -xo-xp=x-1p=x+=
My — (1XVXG NG = GGy As =1
The loops and the gains associated with them are given as follows:
Loop x3x4 X5 % %7 %3 Ly =(ING NG -Hy) = GG H,
Loop X3-Xy-Xg-X7-X3 La = (INGy M N=H5) = -Gy
Loop Xa2-X3-Xg-Xg-X3 Ly S(GOINGL)-Hy) = =0 GaHy
Loop x;-x2-%3-X4-Xs-%5-X7-X; Ly = (WG ING NG N =)= —G GG
LD0D Xj-X2-X3-Xg=Xg-X7-X Ls = (IKG NG = -GGy

The determinant of the signel flow graph is
A=1-(Ly+La+ L+ L+ L)
A =1 - -GG - Gy - GGH) - GGG - G1Gy)
=1+ Ualsytds + GyH, + G1G:H, + G|G:G; + GEG4
Applying Masen’s gain formula, the transfer function is
R A 1+ G,GyH+ + Gy Hs + GG, H, +G\G»G. +G,G4

Example 3.3 Simplify the block diagram shown in Figure 3.31 and obtain the closed-loop
transfer function Cils)R(s). Venfy the result by the signal flow graph method.

G,

Figure 3.31 Example 3.2
Solutivn:  {(a) Block dicgram reduciion fechnigue

1. In Figure 3.31, moving the take-off point ahead of the block G, the block diagram will
be as shown in Figure 3.32.
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Figure 3.32

2. In Figure 3.32, blocks G, and (4 are in parallel. They can be combined into a single
block with a gain of (G, + (). Now the blocks (G, + Gy) and G5 are in cascade. They
can be combined into a single block with a gain of Gy, + Gy). Moving the take-oft
point afier the block G3(G> + Gy), the block diagram will be as shown in Figure 3.33,

T e L L L T T

Gi(6F, + G,)

=

G, /

Gy(G, - Gy

Figure 3.32

3. BReducing the inner loop in Figure 3.33, the bock diagram reduces to that shown in
Figure 3.34.

GG+ G
1+ G H, (G, + ()

G,
Gyl G2 + Gy)

R O N e

Figure 3.34



126 Contrel Systams

4. Reducing the inner loop in Figure 3.34, the block dizgram reduces tc that shown in
Figure 3.35,

"

G,G, + G,G, ;

Figure 2,35

5. The two blocks in the forward path of Figure 3.35 arc in cascade and can bc combined
into a single block. Simplifying the lcop, the block diagram reduces to that chown in

Figure 3136
i 6,4+ GGG, C
— = - —

11 Gayfly | GyGolhy | GuG iy 1+ G, Galy | Gy G,

Figure .36
So, the transfer function of the system is

Q. GGG ¥ GGG
B 1+ Golly + Gyilly + Galylls + GisTs + GiO5G,s
(b) Signal flow graph method
The signal flow graph corresponding to the block diagram of Figure 3.31 for the system is
shown in FiEUTE 3.37.

Figure 1.37

The signal flow graph in Figure 3.37 has two forward paths and five loops. There are no
pairs of two nontouching loops and all the loops arz touching both the forward paths.
The forwarc peths and gains associated with them are as follows:

Forward path F-x-xs-v3-1g-x5-x5-x7-C

My = (G DONEDN NG = G0l
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Forward path R-ry=va-ry-vg-ve-re-("

My = (INGMINGGN]) = GGGy
The loops and the gains associated with them are as follows:

OO ¥a-¥y-TyXeaiy Ly = OGN -H,) = —Ga.H,

LOOP ¥3-X4-Xs-Xp-X7-25 Ly = (INGHINGH-H3) = -GG,
LOOP X3-X4=Xg-X7°X3 Ly = (IXGNG3)-H3) = —GaGyl;

Loop xy=X:=X3-X4Xs=xg-X7-X| Ly = (GUDINGHINGIN-1) = -G GaGy
LOOp xj=X1-X3-X4Xg=577X, Ly = (GIINGNG)-1) = -G Gsy

Since all the loops are touching both the forward paths, A, = | and A, = 1.
The determinant of the signal flow graph is A =1 = (L, + Lo+ Ly + Ly + Ls)

A =1 — (-G-H; — GG, — GGy — GGLGy - G GhGy)
Applying Mason's gain formula, the transfer function is

C_MA +MiAs GGaGs + GGG,
R A 14 Gy Hy +G,G, Hy + GG, H, + GG,G, + GGy,

Example }.4 Obtain the transfer function of the control svstem represented by the block
diagram shown in Figure 3.38, by the signal tlow graph method.

H,
R . < |"‘
—0—_@—. G, ——ﬁ%—A G, o, " .
| Lk

.-.G_i

Figurs 3.38 Example 3.4,

Solation: Signal fow graph methad

The signal flow grzph of the system obtained from the block diagram of Figure 3.38 is
shown in Fig.re 3.39.
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Signal Mow gaph

Forward path 1

Forward path 2 I—H\ - . . ™ /._,_.

_“h.._____‘_-_-_-___________..-"'_
G,
—fy
R x X ESG fi G N x Fa
Lﬂﬂp] . 'l ':l k! B 4 ol 1 -a <
R X, x X G Iy xy Xy c
Loop 2 [] [ L] 1—h“—r » - -
_M
X 4
" Xy n O G: i Xg X5 C
Lo 3 . . - s -
/
!
—H,
I - X G, xﬁm X, x 1

Loops not touching : ' .
the Mnd forward pﬁ'h %, \\"‘_-__.]'b’_..?f/ Py
I

Figure 3.39
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In the signal flow graph shown in Figure 3 39, these are twa forward paths and three loaps,
There are no two nontouching loops. All the loops are touching one forward path and no loop
is touching the second forward path as shown.

The forward paths and the geins associated with them are as follows:

Forward pa!h R—Ir-.l'r'.ra-.tq"x_g-.xﬁ*[‘
M) = (IIXG HGHG XN = GGl 4 =1
Forward path Kerj-xg-C

My = (1XG() = Gy A=A
The loops and the gains associated with them are as follows:
Loop x3-xy-xs5-x3 Ly = (G NGu X-Ha) = G GsH>
LOOp ry-¥y-ro-rs Lz = (GRIHE)-1) = -GoH,
Loop xp-xy-xyx7-x; Ly = (GNGHH X)) = GGH,
The determinant of the signal flow graph is A = 1 — (L; + Lo+ L3)

A =1 - (-G,G3H, — GoHy + G(Gai))
=1+ GG, + GoHfy - GG,y
Applying Mason's gain formula, the transfer function is
C_MA +MyA; _ G,G-G, .
R A 1+ G, H, +G.G3H, - GG.H,

Gy

Example 3.5 Find the transfer function % for the system shown in Figure 3.40 using the

5

signal fow graph method.

Cls)

Figura 340 Example 3.5.
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Solution: The signal low graph corresponding to the given block diagram of Figure 3.40
is shown in Figure 3.41.

-H,
..--""'-'_'_'_-'._“_-H-\""!-.
l;/,/' \\
Ris) 1 I G, G, G, G 1 Cix)

Figure 3.41

The signal flow graph shown in Figure 3.41 has only one forward path and four loops.
There is one pair of two nontouching loops and all the four loops are touching the forward path.
The forward path and the gain associated with it are as follows:

Forward path R(s}-x)-x;-x3-xg-X5-x6-C(5) My = (DONG NG NG NGy = 616G,
The loops and the gains associated with them are

Lﬂﬁp Tp=Xp=X =1 4=¥) L’ = {1 HG|HG;H—H]] = —G|G-'_1HE
Lﬂl}'p B e L: - {G_q}{—H]HJ} = —GdH]Hq
LOOp x3-X-%5-X5-Xa Ly = (GG NGy X -Hh) = GGGy,

LOOP ¥3=X1=X X s-Xg=1 Ly = (GG NGNGi(=H;3) = ~GyG2G3GyH,
The pairs of two nontouching loops x)-xo-x3-x4-x| and xs-xg-x5 and the producis of gains
associated with them are as follows:
Liz = -G GoH -Gy Hy) = GGGy H HH,
Ay = | sinee all the loops are touching the only forward path.
The determinant of the signal flow graph is
A=1 (Ly+L,+ L +Lgy+(Ly)
The tmmsfer [unction ol the system is given by
C(s) _MA
Rfa‘] A
_ GGy GGy
| (-GG, H| — G, HH, —G,G:G, H; — GG,GyG H ;) +(GG,G, H H H )
C GyG2GyGy
RL‘!’] 1 +G|GtH1 +Gd .:'.ItqH‘ = G':.U:.GJ H-_| '3'6161'::;6_1 H] +U|GTU1H-H3HJ

ie.
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Example 1.6 For the system represented hy the hlock diagram shown in Figure 3.42, evaluate
the closed-loop transfer function when the input K is (a) at station 4 and (b) at station B.

Stetion A i, Siation B

— G

H,

Figure 3.42 Example 3.5.

Solution:

{a) The input R is at station 4 and so the input at siation & is made zero. Let the output
be ;. Since there iz no input at station B, that summing point can be removed and the resultant
block diagram will ke as shown in Figure 3.43.

Figure 3.43

Step 1. Moving the take-off point in Figure 3.43 after block G, the block diagram will be
as shown in Figure 3.44,

]

wf

(™

T TR S

Figure 3.4
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Step 1. Eliminating the inner loop in Figure 3.44 and combining the result with G, and
rearrenging, the block diagram will be as shown in Figure 3.45.

Figure 3.45

Step 3. Eliminating the inner loop in Figure 3.45, the block diagram is as shown in
Figure 3.46.

Step 4. Combining the blocks in cascade in Figure 3.46, the block diagram will be as
shown in Figure 3.47.
W GGyG, i G
| = G.H, + G.H,

Figure 3.47

Step 5. Elminating the only loop m Figure 3.47, the block diagram will be as shown in
Figure 3.48.

G0,
p TG, G, G
GGG,

T 1+ GH, + G.H,

Figure 3.48

| . H.
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L |

Step 6. After simplfication, the closed-loop transfer function is

G

G,G,G,y

R 1+GH, +G,H, +G,G,G,H,

{b) The input R is =t station B. So the input at sfation . is made zero. Let the output be
(75. Since the input at station A4 is zern, the corresponding summing point car be removed and
a negative sign can be attached to the feedback path gain H.. The resulting block diagram is
shown m Figure 3.49,

A%

i, la
.- fe
k
.+
[CA — " .
H, i
Figure 3.49

Step 1. Combining the blocks G, and —H, in cascade inte a single block and rearrang-
ing the diagram in Figure 3.49, the resultant block diagram is as shown in

Figure 3.50.

G,

Figure 3.50
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Step 1. Moving the summing point before the block G, in Figure 3.50, the block diagram
will b2 2s shown in Figure 3.51.

&,
R 2
— w O —»
+ 2} 4
+
it
=L
":Fl iy
(s —,H
f-a

Figure 3.5

Step 3. Interchanging the summing poinis in Figure 3.51. the block diagram will be as
showr in Figure 3.52.

Fiy

+

Figure 3.52

Step 4. Eliminating the loop and combining the parallel blocks in the feedback pach in
Figure 3.52, the hlock diagram will he as shown in Figure 31.53.

{:-'.I
+
K,
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Step 5. Combining the two blocks in cascade in Figure 3.53. the block diagram will be as
skown in Figure 3.54,

—0,GyH, - H
1+ G, :

Flgure 3.54

Step 6. Eliminating the loop in Figure 3.54, the transfer function will be as follows:

& G, ) Gy(1+ Gy H5)
14Uy,

Fxample 3.7 For the system represented hy the hleck disgram shown in Figurz 3.55,

determine {a) % ard (b) —.

C
5 GI U}

€,
Ga > G, J—- G, —

Figurs 3.55 Example 37,

(il
Solution: (a) Determinaiion of Ei
1

co G ; ; .
To determine F]' set %> = 0 and consider only one output €', and ignore ;. Hence, the
1

summing point which adds R, can be removed and there is no need to consider block Gg With
these modifications, the block diggram will be as shown in Figure 3.56.



.l

Figure 3.56

Srep 1. Eliminating the feedback loop Invelving block Gy in Figure 3.56, the block
diagram will be as shown in Figure 3.57

L. # T
1 B c :
i H ] 4 ]
] I L o I+ G, !
Figure 3.57

Step 2. Combining the blocks in cascade in the feedback path in Figure 3.37, the block
dingram will be as shown in Figure 3.58,

R, r C,
— G, - 0, Gy —=
PR S—
G,G.H H, | l
1+ G, [

Figure 3.53
Step 3. Eliminating the inner loop in Figure 3.58, the block diagram will be as shown in
Figure 3.59,
G, ¢,
I GG HH - G 1 Gy —
G\, ,’ :

Figure 3.53
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Step 4. Combining the blocks in cascade in Figure 3.59, the block diagram will be as
skown in Figure 3.60.

l'""'""_'"'"_"_'_'_'_'__'__"_"'__'_'__'_'__';
R i I GGl +G,) . e G
P LGy - G GiGsH A, E

Step 5. Eliminating the only loop presznt in Figure 3.60, the block diagram will be as
skown in Figure 3.61.

G4 6
R] I + G+_ GEG-‘GSHIHI
G,GA1+6,) :
T 1+6,-6G0,6.H 1, |
i
1

Figure 3.61

Step 6. Combining the blocks in cascade in Figure 3.61, the block diagram will be as
shown in Figure 3.62.

R, o ' G0+ G606, ) Gy

'.1 + G{ = G'IG-‘GiH'IH: + G|£:|'-1 o G|G:G|

Fiqure 3.62

So the closed-loop transfer function is

c, G,G,G, + G,G,6.5,

-Et - 1+ G‘I +G]G:J_ +G]GEGq _G]G“GEH|H2

(b) Determination o iz-

I

In this case, R, = 0 and | need not be considered. Since R, = 0, we cen remove the

summing point which adds R; and since C; is not considered, block G is open and can be
ignored  The resultant black diagram is as shown in Figure 3.63.
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Step 1. Eliminating the unity feedback loop comprising Gy in Figure 3.63. and redrawing
Figure 3.63, the bleck diagram will be as shown in Figure 3.64.

ATEEE T =

H, |

Figure 3.64

Step 2. Eliminating the inner loop comprsing blocks ¢ and G, in Figure 3.64, the block
diagram will be as shown in Figure 3.65.

e e B S i et
G : C—n
s H ~1+j:—--55,-f}‘,—-?
4
[ i
| S
Figure 3.65

Step 3. Combining the blocks in cascade in Figure 3.65, the block diagram will be as
shown in Figure 3.66.

R, Ly Giglaghy

T+G,GN Gy
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Step 4. Eliminating the only loop in Figure 3.66, the block diagram will be as shown in

Figure 3.67.
GG G.H, i
2 1+ G,GH1 - G LGy
i | { 1 iH: 4 - G; L -
: GG Gl " :
| TUrGEXI G :

igure 3.67

Step 5. Combining the blocks in cascads in Figure 3.67, the block diagram will be as
shown in Figure 3.68.

R, _GiG,G,G:H, G

(1+G,G,) +Gy) - G,G,G.HH,

Figure 1.68

So the transfer function of the sysiem will be given by
Cals) _ GGGy CsH
RJ:{.! j] 1+ 'G4 + G].G': + GIGZG-‘- = GiGJGS fftﬂrz

Example 3.8 A system is describad by the following set of linzar algebraic equations:

Xz = @ypXy o apXay gt
Xy = alpa¥y todyavy
Ay = Ugeky Toaysy T odgsly

X5 = das¥x + dysxy

Draw the signal flew graph and obtain the transfer function of the system using Mason’s gain
formula.

Solution: The signal low graph shown in Figure 3.69, drawn based on the given

equations. has threz forward paths and five loops. There are three pairs of two nontouching
loops. All the loops are touching two forward paths and two loops are not touching the third
forward path.

Figure 3.69 Example 3.8,



140  Control Systems

T'he forward paths and the gains associated with them are as follows:
Forward path vy-va-vy-v-v.

My = (apNapay)ags) = apeasges A = |
Forward path x;-x3-x4-x5

My = (@)@ lags) = ay2az4s A =1
Forward path x;-xa-xs
M; = (a Nazs) = apags Ay =1 (agay +ay)
The loops and the gains associated with them are as follows:
Loop xa-x4 Ly = an
Loop x;x3; Ly = (azNasz) = anayp
Loop x;3-x4-x3 Ly = (@3lags) = anay
LIIIIJ Xiq-Xy 1':-.1_ = dag
Loop xrxg-xixy Ly = (agMagshlas) = aqaqqay;:

The pairs of twa nontouching loops and the products of gains associated with them are as
follows:

Loops [, and I, Lia = (AN aagtyy) = thaihgdy,
Luops Ly and L, Ly = lanlugy) — vy
Loops L; and L. Lay = (anan)agy) = anaypagy
The determinant of the signal flow graph is
A== tigtigt Ly +Ls)+ (L + Ly + L)
A =1 —(g+ apan + ayagp + ay + dyagpasn) t(apayaeg T anay + anayag)

Applving Mason’s gain formula, the transfer function is

R A
ﬁ13ﬂ23a3.4ﬂ.|5 + ﬂuﬂz-tﬂds + ﬂ'll'ur{] = ﬂyﬂ"'; i ﬁ!u l

I =@y —ay30y; — Qaq0ys — gq — C28430053 + 3383404 +dy0, +a5305,8,,

T

—

Example 3.9 For the system represented by the fellowing equatiors, find the transfer function
Xis)Uis) by the signal flow graph technique.

X=X +agu
L X + Ky + Ol
dr 1*1 2 r]

L o ox
ar X+
Solution: The given equations are a set of first-order differential equatiors. For the signal
flow graph, the describing equations must be linear algebraic equations. The differential
equations may be converied into algzbraic equations by using the Laploce transform.
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As) = Xils) + alils)
sX(8) = - Xi(5) + Xola) + aplls)
8X(8) = ~aX | (5) + o Ui)
ie X(s) = Xis) + aqUis)

X, ()= X (5) + 2 X,05) + 22U(s)
LY X b

X.(0="22x,(5)+ L u(s)
4

&

Based on these equations, the signal flow graph is drawn as shown ir Figure 3 70.

Figure 3.70 Example 2.9,

In the signal flow graph of Figure 3.70. there are three forward paths and two loops. There
are no pairs of nontouching loops. Both the loops are touching two forward paths and beth the
loops are not touching the third forward path.

The forward paths and the gains associaied with them are as follows:

Forward path  Uls)-Xa(s)-X(s)-Xis) M=2 2y -4

iy x X
Forward path L5)-X,(5)-X() M, G oy
Forward path LAs)-X(5) M; = o
The loops and the gains associated with them are as follows:
Loop Xols)-X{(8)-Xals) Ly =[‘”z ]l 1}= %

¥ i 5 &

Loop Xi(s)»Xi(5) L,=—

X

Both the loops are touching the first and second forward paths and no loop is touching the
third forward path

&€, o) o o
A hl,az.-:,a.g-:—[——;——L =1+—L+t=4
£ £ 5 5
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The determinan: of the signal tlow graph is D = 1 — (L. + L,)
; R . SR W oW . B
5 ﬁl(sz :J]+s+sz

Lsing Mason’s gain formula, the transfer function is

o o

1 2
_+_
Xl..!'}l HL$I+MI."‘|.:+H3$3 .T: 5 i P ﬂ:'|+ﬂ'1.!|i‘
= = ﬂ= o

1/ (s) A L1 ks
Ly 5'2

X(8) _ o(s® + o8 + o) + 04 + ot

U(s) S a5+

Example 3.10 Apply the gain formula to the signal flow graph shown in Figure 3.71, to find
the following transfar furctions:

T T |

Figure .71 Zxampe 310

Solution: The signal fiow graph shown in Figure 3.71 has two forward paths, four loops,
and one pair cf two nontouching loops. All the loops are touching both the forward paths.
The forward paths ard the gains asscciated with them are os follows:

Ferward path x-xs-xy-x-x. My = [INCGI NG NG ) = GG, Ar=1
Forward path r=x.-r-v. My = (TGN 1Y = Gy, A=
The loops and the gains associated with them are as follows:

Loop xz=x:-x; Ly =Gy )(-Hy) = -G A,

Loop x,-x:-x, L =G)(-H) = —G3H;

Loop x:-x3xgxex; Ly = (GGG N-H;) = —G1GoGsH;

Loop x-xxs-x: Ly =G HGa)-Hs) = -GGy H-:

The pairs of two ponouching loops and the products of gains assoclated with them are as
follows:

Lﬂﬂﬁﬂ Xo=X3=Xa and Xy=Xe=Xy !.|3 - [—G1H1}{-{;3Hg| = G1G§H|Hg
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The determinant of the zignal flow graph is A= 1 — (L, + L + Ly + Ly} + (L;3)
A = 1 = (-G\H) — Gafly — G\GyGaily — GaGuly) + Gy Ghdf
=1+ Gl + GH; + GGGyl + GGl + GiG3HL
The transfer function is

X5 _MA +MA, G,G,G, + GG,
x A 1+GH, + GH, + G,G,GH, + G,G,H .+ G,;G,H H,
To find ihe transfer function o
x.

There are twe forward paths between x, and x, and there are no loops which are not
touching these forward paths

Forward path xj-va-ry-1y M, = (NG GL) = 60 Ay =1
Forward path x)-x;-x%4 M; = (IWGy) = Gy & — 1

X, _MA -MA, _ GG, + G,

o A T1+G,H, + G4H, + G,G,G;H, + GG, H, + GG, H H,

To find ihe trunsfer furction )
&
There is only one forward path betwesn r; and v;. The loop [, is not touching this forward
path

M= 1Ay =1 = (<G3Hy) = 1 + G,H,

x_z_ |i||".f:|_£l|I =) I.'[].""GEHIJ
x, A 1+GH, +GH, + GGG H: +G,G,H, + G G;H, H,

T find the mansfer function .-

Xy

Find 2 and 22 and divide one by the other, i.e.
X X

X GiGyG: +G:Gi

x_x _ A _GGG+GG,
X S 1+G3H2 ]+G3H-z
x A

To find the transfer function X,

o]

o R
Find =% and

X X

5 and divide one by the other, ie.
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Xe GGs+Gy

Xy _ & _ A _ O, + 0y

xn % 1+GH,  1+Gli,
X A

Example 3.11 Apply the gain formula to the signal flow graph shown in Figure 3.72.

Figure 372 Exampla 3.11.

Solution: In the signal flow graph shown in Figure 3.72_ there are two forward paths, five
loops and two pairs of two nontouching loops. All the loops are touching both the forward
paths,

The forward paths and the zoins associated with them are as follows:

Forward Pﬂth XXX 1XgXs ML = “}{G|IG:HGJ:{]‘,I = G;G:UJ A= |

Forward path xpxo-x-x; M, = (NG KG K1) = GuGy A, =1
The loops and the gains associated with them are as follows:

Loop xrxi-xs Ly = (G \)¥=-H)) = -, i,

Loop xyxsxy Ly = (C3)i—Hy) = -G,

LOOp XyXytyXsxs Ly = (G NGH G )-H3) = ~G GGy

Loop xexyxs-xs Ly = (GyNG)-H,) = —GaGaH,y

Loop xsxs Ls; = —HM,

The pairs of two nanteuching loops and the products of gains associated with them are as
follows:

Loops xy=xg=xy and xy-ag-xy Lys = (=G K=Galds) = G5l il
Loops xy-xy-x; and xs-xs Lis = -Gy H\-Hy) = GiHH,
The determinant of the signal flow graph is A= 1 — (L + L.+ Ly # Ly + L) + (Lys + Lys)
A= -l - G - GGGl — GGl - Hy) + (GGH Hy + GUHHG)
=1+ iy + G, + GGaGsHs + GGy, + H + GGRIH H- + GilHVH,
Applying Mason's gain formula, the transter function is
xo _ MA +MaA,
X A
" 016,06, + GGy
1+GH, +G:H, + GGG H, + GG H + Hy, + GG H H L + G H




Biock Dlagrams and Sigrnal Fow Graghs 145

Example 3.12 Find the transfer function 2 for the system whose signal flow graph is shown
'TI

in Figure 3.73, by applying the gain formula.

Figure 3.73 Example 3.12,

Solution: The signal flow graph shown in Figure 3.73 has two forward paths and five

loops. There are a0 pairs of two loops which are not touching each other, and all the loops are
touching both the forward paths.

The forward paths and the gains associated with them are as follows:
Forward path x;-x;-x3-x4xs My = (INGIGUG:)(1) = GGG A =

|
—

Forward path xj-x:-xs My = (NG = Gy Ar =1
The loops ard the zains associared with them are asz follows:
Loop x:-x3-x; L= (G H) - GH,
Loop x;xyX3x: Lo = (GNGN—-H7) = -GG HA
Loop x3-x4-x5-%; Ly = (GoNGad=1hy) = ~GGyll;
Loop xy-¥s-x3-x Ly = (Ga)(-Ih)(—H)) = Gyl
Loop Xx-ts-az-xy=xa Ls = (Ga-H)NGa)-Hy) = GyGafiyH,
I'he detemmirant of the signal flow graphis A =1 = (L; + Ly + L3 + Iy + L)
A =1 = (-G iH; = G|GaHz = GsGsly + GyGoHy + GiGaHH)

=1+ Gl + GG H + GGy = GGl = GyGaHLWH-
Applying Mason’s gain formula, the transfer funztion is

i_M]ﬂ] +MI.|"_'|2 - GII:'_I"E':}EI 1-6’
11 A 1+'G|_H| +G|52H2+GEG3H3 _G-#HSHI _U4U2H3H2

Example 3.12  Apply the gain formula to the signal flow graph shown in Figure 3.74, to find

the transfer function e .

Figure 3.74 Example 3.13.
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Solation: The signal flow graph shown in Figure 3.74 has two forward paths, and five
loops. There ére no pairs of two nontouching loops and all the loops are touching both the
forward paths.

The forward paths and the gains associated with them are as follows:

Forward Fﬂﬂl X X-I3=3y-X5 J‘fl = [IHG{P{G:HG]K” = G|G:G3, J'i|

il

Forward path xj-xs-14-x5 Mo = [INGHGTY = Gy, As =1
The loops and the gains associated with them are as follows:

Loop xy-xy-x; Ly = (Gy)(-H)) = -G,

Loop x3-x4=x3 Ly = (G-t} = -Gty

Loop xy-xy-X3-x; Ly = (G-} -H,) = G,HH,

Loop xy-x;-xs-xs Ly = GGyl —H3) = —GyGaffy

Loop xy-xp-xexsxs Ls = (GNGNGN-H;) = 616G, G3H,

The determinant of the signal flow graph is A =1 - (L, + Ly + Ly + Ly + Ls)

ﬂ. = l| — {—GtH| — G:H: -+ G4H2H1 = I’.—',.G;.Hz—fﬂﬂ:f_;zﬁjj
Applying Mason's gain formula, the transfer function is
x5 _MA+MA, GyG5 Gy + G465
,Il ﬁ I+G|_H| + GEH]. +G.;|G3H1 + G'GIGEH:'] - G4H2HI

Example 3.14 Apply the gain formula to the signal flow gmaph shown in Figure 3.75, to find

N X
the transfer function —.
.t1

Figure 3.75 Example 3.14.

Solution: The signal flow graph shown n Figure 3735 has twa forward paths and five
loops, There are four pairs of two nontouching loops and each forwasd path has got one
rontouching loop.

The forwerd paths and gains associated with them are as follows:

Forward path x;=xa=gy=x,=x; M, = (G NGHGaN ) = GGGy

Forward path vjsvs=rg-ve My = (1RGN = Ciglis



Hock Lhagrams and Signai Fiow Graphs 147

The loops and the gains associated with them are

Loop x3-x4-x3 Ly = (Go)=iT) = -Goly

Loop xy=xgxs Ly = (G)—ih) = Gt

Loop xy-w-xy-as-5 Ly = (GGNG WG H Hy) = G GaGH,
Loop xg-x, Ly=H,

Loop x3-xg-¥sxs Ls = (GINGs)-H5) = GG .Hy

The pairs of (wo nontoaching locps and the products of gains associated with them are as
follows:

Loops x3-14=x3 and xg=xg Ly = (G )(-Hy) = GoH\ T,y
LOOpS X3-ry-X3 820 Xp-Xg-X5-X3 Lys = (G W-GyGsiy) = Gall | GyGiatty
Loops xy-rs-x and xg-xg Ly = (-Gl (-Hy) - GHL 1,
Loups xo-ry-ag=ts00 and t-xg Lyy = (=0 GaGs 3 )N—Hy) = GGalGaiI

I'he determinant of the signal flow zraph s
A=1~(L tLyt L3— Lyt Ls)+(Lyy+Lyst Loyt Ly

A=1- (Gl - GH; - GGGl — Hy— GyGsf)
+ [GQH|EI4 + G:H|G4G5H} P EjH:H_q_ + G]GEG:{,H;HM

+ GH\GyGsHy + G3HLH,y + GiGHGsHLHy

L, is not touching the first forward path and L, is not touching the second forward path
AM=1-(-H)=|+H,
and A = 1= [-G:H)) = | + GoH,
Applying Meason™s gain formula, the tansfer function is
I _MA+M4,)
N A
_ GGG+ H )V + GG L+ G H )
1+0H, + G H, + GGG H + Hy + 0,0 H + G H H,
FO HGGsH L + G H By + G0 GiHH

Example 3.15 Find the transfer function 8 ofthe signal flow graph shown in Figure 3.7€.
X

Gln
_._,...a-"""_-_-___'_""'--._.q___\\
1 /51’ G, ‘?_J- '-E& \h (35
—H, ~H, ~H, H, //
\

"‘*-..._._______.______,_.F-""'

~H,
Figure 3.76 Example 3.15.

Xa
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Solution: The signal Aow graph shown in Figure 3.76 has two forward paths and eight
loops. There are seven pairs of two nontouching loops. There is one combination of three
nontouching loops. All loops are touching one forward path and two loops are not touching the
second forward path.

The forward paths and the gains associated with them are as follows:

Forward Path XXX g~Xg=Xg-Xq r'l-'ir| = {] xGI}{{'EJ{ GBHGI:'{GJ.H ]} ™ GIG?.G]G-ﬂ-GE

Forward path x-x3-rs-x7 M. = (1GHGsH ) = Gylrs

The lonps and the gains associated with them are as follows:

Loop xy-x-x; Ly =(GX-H)~ GH,

Loop x3-x,-x;3 Ly = (Ga)(—Hy) = -G,

Loop xg-xi=axy Ly = (GN—5) = —G3l1

Loop xs-xj-xras Ly = (GNCsW-Hyy= —GyGsliy

Luop x19-xq Ly — —H;

Loup 13-x-X5xgx77%3 Le = (GiNGaNGaX Gsi(—Hs) = GGG G5l

LOOp Xp-X;-X7X5-X4-F3-X; Ly = (GG N-H N —H3)N—H)(-H) = GoGsHH3H,H,
Loop x-xy-xrxyxs Ly = (GNCsN-H:N—H)) = UelUsFsH,

The pairs of two nontouching loops and the products of gains associated with them are as
follows

Loops xy-x3-x; and xg-xs-x, Ly = (-G (-Galh) = Gy H Gyl
Lﬂﬂps Xa=T3=X7 and Kg=Xg=X1-X¢ L“ = {"(JIHIJE—-(_F4(I5H4} = GIH|G4G::H4
Loops x2-13-x; and x7-x7 Lys = (- W-He) = G H Hg

Loops x3-x4-x; and rs=Xg-x7xs Ly = (G (-GyGsH,y) = GallaGyGaHy
L{WPS X3=Xq-X3 and X7=X7 ng = (—G:Hlx—Hg} = GszHh

Loops xa-xs-xy and re-x- La: = (=G H N (=Hy) = G H

Loops xg-xs-x4 and xa-Xe-xr-xvx2 Ly = (-GN GeGeHsH)) = — GaHGiGsHH,
The combinations of three nontouching loops and the producis of gains associated with
them are as follows:
Loops xp-r5-x; xp-x5-xy and xp;  Lyys = (6 M) -GHIH) = -G H G HGH
The determinant ol the signal Mow graph is
A= V= (B4 Lg¥ Ly ¥ Ly + By 4 2o 4 Li 4Ly
by FLig+ Lig+ Loy + Loy + Iys + Lyg) — (Lyys)
Am ) =Gy — Gyl — OuFly — GylGsFy — Hy— GGGyl
T UplGsfy i) + GaUsHefd) )
+* I:Gjl"ﬁG;H] + G|ff'|G.1G§H.; + GIH]HE, + G:ffgff&. + 7L
= WG H ) + CafhGyGsily) — (-GGG )
All loops are touching the first forward path and L, and [, are not touching the second
forward path
& A =1 and Ay = 1- (-GhHy - GiHy)
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Applying the Mason’s pain formula, the trans?er function is

N MA ML, GG,GGLG;s + GGy L+ Gy Hy +GiH )
) A A

Example 3.16 Find the transfer function 7 of the signal flow graph shown in Figure 3.77.

i,
Figure 3.77 Example 3.16.

Solation: The signal flow graph shown in Figure 3.77 has two forward paths and five
Inops. There are two pairs of lonps which are not touching each ather. All the Ioops are touching
one forward path and two loops are not touching the second forward path.

The forward paths and the gains associated with them are as follows:

Forward Fﬂth X =X=Ky=¥ g =X =X =y .ﬁ'ﬂ =1 lf;|H {;:j{GJ]tG4:{E;5H1} = (;L(;:t;ﬂ_f-.:‘;{;q

Forward path vy-vs-rs My = ()G 1) = Gy

The loops and the gains associated with them are a: follows:

Loop xm-xy-x4%2 Ly = (GING)-H)) = -GG H)

Loop X4-x5-X4 Lo = (Usl=iTs) = —G3fiy

Loop x5-¥y-xs Ly = (GyN=Hs) = ~GiHs

Loop X3-x-XsXsX7-k3 Ly = (GG NG NG 1) = -GGy GsH,

Loop xy-xpx5xyx; Ls = (Gel—H NG (M) = GaGsH\H,y

The pairs of two nontouching locps and the products of gains associated with them are as
follows:

Loops x-x3-xg-x; and xs-x;-xs Ly = (-GG H -Gy i) = GGoH Gy
Loops xs=tg=xs and a=xy=xyxpxs L3z = (~GalaiNGeGaHH)) = GGG H,
The determinant of the signal flow graphis A =1 — (L, + L.+ Ly + Ly + L) + (L5 + Las)

& = 1 = (-GG — Gylh — Gofly — GaGGyGsily | GaGgd )
GGGyl — GaGRGeGhlth)

Al loops are tonching the first forward path and L. and Ly are not touching the second
forward path

. ﬂn] = | and ﬂ: = |- |:_— G;ﬁrz = f;J_Hﬂ =1 + GEH-_- + (;Jffj
Applying Mason's gain formula, the transfer function is
X3 _ MA +M.A, GGGGG +G -G H. +GH,)
X A A
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Example 317 Find the transfer functicn % of the signal flow graph shown in Figure 3.78.

I x X

N S T T
w

..ﬂ’1i

Figure 3.78 Example 3,17,

Solution: The signal Mow graph shown in Figure 3,78 has three forward paths and eight
loops. There are three pairs of twoe nontouching loops. All the loops are touching two forward
paths and one loop i not louching the third forward path.

The forwsrd paths and gains associated with them are as follows:

Forward path R-rj-xp-xy-xgxsxgx-C M= (ING HGNHCHGNGHG N

= GIG:G]G.]GjGﬁ

Forward path R-rj-ro-x3-x-x5-C My = (DG HGHG UGN = GG GGy,
Forward path R-t|-ry-x3-xy-xs-x7-C M= (ING HGHGIN GG 1)
= (1 GnGyGy
The loops and the gairs associatad with them are as follows:
Loop ry-xy-x; Ly = (Gl —Hy) = GyH,
LOOP Ta-Xj=Xq-X5-Xg=12 Ly = (GG GNGsN—IT2)
= ~G-G304GHy
Loop xp-x3-xg-xa Ly = (GNGH-H7) = -G Ghf
LOOp Ts-X4-X7-Xs Ly = (GGl =-H)) = —GsGeH,
Loop 1s-x5-x L. ={G-H) = —GzH,
Loop xy-ay-xyaxy-X5=Xg=X7-% Lg = [GIHGNGI NG NG NGl —1T3)
= =0 Gr0h G Gs Uty
Loop x-xy-x3-x5-x7-%) Ly = (GINGNG K Gl—Ha)
= —(5,G1GGH,y
Loop x-X:-¥3-Xa-Xs-¥7-X) Ly = [GINGaHG NG G —H3)

ol —G|GEGI1,G4GH;.F;3

The pairs of two nontouching loops and the products of gains associeted with them are as
follows:

Loops xy-xs-xy and xy-Ty-Xg-x; L= (~GaH )N -0aGatia) = GyHyGoGaHy
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LHHPS XXXy ﬂIl.d X1 Xa-X3-Xg5X7Xy an {—G4H4K—G|GIGTGQH3}
Gy Hy Gy CaGiaGiHy

Loops xrxzxgx: and xs5-x7-¥s Lys = (-Gl (-GyH|) = GG H.Cyh)
The determinant of the signal flow graph is
ﬁ.z|-—{-Lt+L:""I—!+‘I—q+l5+£ﬁ+I?‘L!3J+{l]3+i|'}'+£35l}

A =] = {‘Gq.-”r,; - GngG.;ijf] - GEG'}IT.II-] - GSGﬁH[ - Ggfﬁ
= GGG GGG — Gl — UyUaltyGghy)
+ (GyHyGrGrty + GyHyGiGoGrGeHs + GaGoHy Gyl )
All loops are touching the first and third forwaord paths and L is not touching the second

forward path

i.e.

ﬂ] = ],ﬂz = I—L;=] () =1+ Gy, A3 =1
Applving Mason's pain formula, the transfer function is

C_MA + M4, + MiA,

R A
C _ GiG:GG,GG,, +G\G,G,Gy il + G, H,) + G,G,GyG, G
R= A

Example 3.18 Find the transfer function of the system whose signal flow graph is shown in
Figure 3.79.

Figure 3.79 Example 3.18.

Solution: The ziven signal flow graph shown in Figure 3.79 has four forward paths and

five loops. All the loops are touching all the forward paths. There are five pairs of two
nontouching loops and onz combination of threz rontouching loops.

The forward paths and the gains associated with them are as follows:
Forward path R-xj=sr-t3ng-xsu5-C M) = (I NG NG HGIH GG 1)
= GngG}Gqu
Forward path R-x-x3-xy-xe-xs-C M= (DG HGINGGN ) = GaGyF s
Forward path R-x|-xs-cq-x-x5-C My = (DG N G(T1) = GFaCra0ry

Forward path R-x-x3-vy-xg-C My = (INGN GG 1) = GaGiGr
The loops and the pains associated with them are as follows:
Loop xp-xax; Ly = (Gh)MH,) = G H,

Loop x3-xy-x3 L = (G3)Hy) = G,
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LoOp xs-¥g-Ts Ly = (Gs)(H;) = Gsfly
Loop xs-Xe-rs-X; Ly = (GaNGs)Hy) = GyGsidy
Loop xq-te-1; Ls = (0N H) = GH,

The pairs of two nontouching loops and the products of gains associated with them are as
follovws:

Loops x| xx-xp and x5 x5-%5 L= (G H\ NG M) = GH GyHS
Loops xj-xa-x) and xs-xg-rs L= (G H N GsHy) = G GsH;
Loops xy1g-13 and xs-xg-rs Lag= (sl W Gelly) = GyGliafly
Loops xp=vax) and xg-x5-55-14 Lyg= (G W GG ) = GGGl
Loops xp=xa=xy and xg=xs=ry Lys= (GUH Gefy) — Oy Gafo iy
Combinations of three nontouching loops and the gains associated with themr are as follows:
Leops L, [, and I4 L= (GG HL) G H)
= G H Gy HL Gl

Since all the loops are touching all the forward paths, &y = L A, =1, A&y = l.and Ay = 1.
The determinart of the signal flow graph is given by

A=l + L+t iy + L)+ Lz + Ly + Ly + L+ Lgy) — (L)
Thereforz, the closed-loop transfer function % is

C_ M ~MyA, +MAy + M, GG1GiG s + GGiGiGs +GGiGiGy + GeGiGy
R A A
B G.G1G,G, Gy +GyG1G\Gs + G,G,GGy + GeG:G-,
TG H, +GH, + G Hy + GG Hy + Gy H ) +(GH\Ga Hy + G H\GeHy +GyG5H o H,
+ G HG,GH, +G,GoHHy) - G H,GyH2Gy H,

Example 3.19 Obtain the transfer function of the system whose signa flow graph is shown

f 4 i X Xy X- X X
in Figure 3.80. Also determine 2, =% —L =4 apd —L
XX X X £y

Figure 380 Example 3.19,

Solution: The signal {low groph shown in Figure 3.30 has three forward paths and six
loops. There are seven pairs of two rontouching loops and two pairs of three nontouching lonps
All loops are touching two forward paths and one loop is not touching the third forward path.
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The forward paths and the gains associated with them are as follows:
Forward path xj-xpwy-agwgagxy M= (LG NONCIHGN) = C GGGy
Forward path x[-xa-x3-xg-x7 Ma= (1 HF HGsH 1) = Gyl

Forward path x-x3-x3-x5-xy-x7 M= (INGNGHGNT) = GlGgly

The loops and the gains associated with them are as follows:

LOOp X3-X3-Xa Ly = (G (—H,) = -5, H,

Loop xi-x, Ly = -Hs

Loup xy-xs-x4 Ly = (G3)(-1) = -Gyith

Loop xg=x; Ly =-H,

Loop xp-xy-x4-xs-x> Ls = (GINGHG3)-H3) = -GG,G5H;
Loop xy=x1-xs-X» Lg = (G NG)(-H5) = -G GgH,

The pairs of two nontouching loops and the products of gains associated with them ar= as
follows:

Loops xy-r3-%; and ky-xs-x, L= -G H )G H) = G HGH,
Loops xo-ry-12 aid g, Lyy= (—-Gyf)(=Hy) = G,y

Loops x3-r; and xy-xs-x, Loy= (=Hi)-Ualtz) = Uy HaHs

Loops xy-ry end xg-x5 Lyy= (—Hs)-Hy) = HsH,

Loops xs-xs-xg and xsxg Ly= (<GyH)-Hy) = GyH-H,

Loops vo-ry-vy-ve-vs and ve-x, Lye= (G GGy L) -H)) = GGG HLH,
Loops xp=ry-xs-x; and xg-x; Lyg= (—G\Gelz)(—Hy) = G\GefliH,

There are two pairs of three nontouching loops. Those combinations and the products of
gains associated with them are as follows:

Loops x3-r3, Xg-Xs-xy, and xg-p Layy = (=H3)i—0aHA)(—Hy) = Uiy s
Loops x2-r3-Xa, Xg-X5-xy, and x5-%s  Lyag = (G H\W-GaHo)-Hy) = -G H\G3HyH,
The values of A, 4, and A, are as follows:

A, = 1, because all locps are touching the first forward path.

&> = | + G3H> because Ly with 2 gain of —G3ff; is rot touching the second forward path.
&3 = 1, because all locps are touching the third forward path.

1]

The determinant of the signal Qow graph is
A=l -(Lytlyt L+ L+ Ls v L)
+(Lys t Lyg Ly + Lyg o+ Lag + Lys + Lyg) — (Liag + Lysg)
A= 1-(-GH - Hs - G3ll; - Hy - G\G:G3H; — GyGls)
+(G\GH\Hy + GiH\Hy + HHs + G3HLH, + Gy H
+ GGYG3 sy + GGl Hy) — (-GG HaHy — G:HoHH)
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The transfer function
=.15-||-_= erlj'l. 'I'.I'rf:&: 1'”3.&3
A h
._f_]. _ GIGEGEGJ +G|Gj {l"’GAHz]'l'G]GdGﬁ
% 14G,H,+H; +GyHq + H, +G,G,G,H, +G,G.H; +G,G,H,H,
+GHH, ~ H,H, + Gl He + GiHoHy + GGGy H Hy +GGoH o H,
+G,GyH HyH , +GyH, H  Hy

I

- T
Determinaiion of Yo 3

X

To determine 2, there is only one forward path between x; and x, and the gain of that
forward path is unity. Loops 2, 3 and 4 are not touching this forward path. Combinations of two
nontouching loops which are not touching this forward path are L,;, Ly and Ly. One

combination of three nontouching loops which are not touching thizs forward path is L.s,
Therefore

X M4,
-
where M =1
and A =1 - (=Hs - GiF; - Hy) + (GiHHs + Gyl Hy + HyHs) — (-G H)
=1+ H; + Hy + Gyl = GsHhHs + GyHpHy + HyHHs + GyHXH\ Hs
Xy V4 Ho+ Hy+ GHy + GyHyHe +GyHoH, + HyHy +GyH H Hy
X A

P X
Determination of =

=

1

To determine i . there ar= two forward paths between ¥, and x;. Only one loop L, is not

X
touching both these two forward paths.
Forward path xj-x;-rs-x, M, = GG MN=1-(-H)=1-H,
Forward Fﬂ.ﬂ'] Xy¥a-X3-Ng-Xy J;II-fg = —G;Gg,ﬁrj' 1'11 =]~ {‘Hﬂ =]- Hq
X _ MA +MA, (GG, -GG H N +H,)
Xy A A
Determinarion aof #
X
= GG, + 5,0, + G H,) + 6,66,
& _ 4 A

u % U+Hs+Hy+GHy+GHyH, +GyHyHy + HHy + Gy HoH,
5 A
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_ GG GGy + GG - G H 5 ) + GGGy
1+ H__li +IH4 ‘I‘GsH:'i’GjH!HS +Gj.H:H.d THst'I'GEH:HdHﬁ

ie

K

; s X
Determination of '
X
4

51 GGG, +GGs(14+GH,y) + GGGy

L1 ) A
Xy X (GG — GGyl )+ Hy)
..TI A

% _GG,GG,+GGi(1+ G, H ) +G,G,G,

Xy I:G|G:I -GrGﬁH?){l‘fH:l}
Determineaiion of ! |
X4
M (GG - GG HH )1+ Hy)
.f] E:_ J+H_{+H.|+G_:;H? ‘l‘GJHI.H:l""G:J,H}H_’_ +H4H5+G3H-:|H1H!
X

Example 3.20 Obtain the overall transfer function (VR from the signal flow graph shown in
Figure 3 8!

—H’;
Figure 3.81 Example 3.20.

Solaution: For the signal flow graph shown in Figure 3.81, there are six forward paths,
three loops and one pair of two nontouching loops, One loop is not touching one forward path
and ancther loop is not touching another forward path. '
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The forward paths and the gains associated with them are as follows:

Forward path Rov-ys-vyox (" My = (10 GHNT) = G007

Forward path B-xj-vs-x-xq-C M= (I NGHGgH 1) — GGy

Forward path R-r)-xp-Xs-Xg-X3XC M= (G NG Gl Gy T)
= GGGy

Forward path R-xj-xy-x5-x4-C My = (I GG 1) = GGGy

Forward path R-¢,-vs-x3-x:-C M= (INGNGHGH ) = Galbgley

Forward path Raxy-xg-xiX=xs,-0 M= (I KGN GH=H N GH G 1)
= —GGsGeGall

I'he loops and the gains associated with them are as follows:

Loop xy-x;-x, Ly = (G3)-H)) = -G;3H,

Loop xs-xs-x4 Ly = (Gsl(—H2) = -G4H

Loop ¥y-v;-ry-vy-vs Ly = G H=H )G ) —H\ ) = GG H\H,

The pairs of two nontouching locps and the products of gains associated with them arz as
follows:

Loops ty=i3=12 and xy=ss-xy L= (=G NG = GGy H T

Loop 2 is not toucking the first forward path. Trerefore,

Ap =1 - (Gyfhy) = 1 + Gyl
Loop ! is not touching the fourth forward path. Therefore,

Ay = 1 = (—G:H) = 1+ Ga,
All the loops are touching all other forward paths, Therefore

Ay=1 = A3 =4 = &g
The determinant of the signal flow graph is

A=1-(Li+ L+ L3+ (Li2)
= | = (=G3Hy - GiHy + GsGeH ) + GGy HyFa

Applying Mason's gain formula, the trensfer function is

C  MA +MA; —MiA + M A, + MsAg + MgAg
R A
Gy Gl r1 +0,HA ] + GGGy — GGG G H 5
+ GGGyl + G3H, )+ G5G5G- — G5 GG.GaH,
1+ GyH, +G,H+ - GG H H, +G,G,H,H,

Example 3.21 Figure 3.82 shows the signal flow graph of a system with two inputs and two
cutputs. Find expressiors for outputs ) and 5. Also determine the condition that makes €
independent of R, and ', independent of R,.
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The steady-state is reached mathematically only after an infinite time. In particular, how-
ever, a reasonable estimate of the response time is the length of time the response curve needs
to reach and stay within the 2% line of the final value, or four time constants.

4.3.2 Unit-Ramp Response of First-Order Systems

The output response of a first-order system for the unit-ramp input (R(s) = 1/s%) is given by

| 1
(5)=—.
) 0 Ts+1

Expanding Eq. (4.4) into partial fractions, we have

(4.4)

B R T
Cls)y=———+ =——-—+ 4.5
i i i i el
Taking the inverse Laplace transform of Eq. (4.5), we get
e(l=t-T+ " "=t-T(=-e"fortz0 (4.6)

The error signal is then

e(f} = r(f) — cfi)
= Tl - I._,-r-']"}
and the steady-state error is given by

e.= Lt e(f)=T
§—poa
Thus, the first-order system under consideration will track the unit-ramp input with a
steadv-state error T, which is equal to the time constant of the system as shown in Figure 4.5.
The smaller the time constant 7, the smaller the steadv-state error in following the ramp input.
Reducing the time constant therefore not only improves its speed of response but also reduces
its steady-state error to a ramp input.

||~|:|l':|-al.
()
a6l -

Steady-state

e erTor

47

0 2T 4T 6T
Figure 45 Unit-ramp response of the first-order system,

!
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For the unit-step input, which is the derivative of the unit-ramp input, the output ¢(r) is
N=1—-&"", for t20

Finally, for the unit-impulse input, which is the derivative of the unit-step input, the output
(i) 15

c(t) = L e for 120
T

Comparison of the system responses to these three inputs clearly indicates that the response
of the derivative of an input signal can be obtained by differentiating the response of the system
to the original signal. It can also be seen that the response to the integral of the original signal
can be obtained by integrating the response of the system to the onginal signal and by
determining the integration constant from the zero output initial conditions. This 15 a property
of linear time-invariant systems. Linear time-varyving systems and nonlinear systems do not
possess this property.

4.4 SECOND-ORDER SYSTEMS
4.4.1 Response of Second-Order System to the Unit-Step Input

Consider the second-order system shown in Figure 4.7, The closed-loop transfer function
C(s)VR(s) of the system is given by

C(s) ®,”

- 4.9
Ris) s +2%ws+m° e

where & = damping ratio (or damping factor)
and @, = undamped natural frequency.

C(s)
[ -

This form is called the standard form of the second-order system. The dynamic behaviour
of the second-order system can then be described in terms of two parameters £ and @,

If £ =0, the poles are purely imaginary and lie on the jeraxis. The system is then called
undamped. The transient response does not die out. It is purely oscillatory. If 0 <= £ < 1, the
closed-loop poles are complex conjugates and lie in the left half of the s-plane. The system is
then called underdamped, and the transient response is oscillatory. If £ = 1, the poles are real,
negative and equal. The system is called critically damped. The response rises slowly and
reaches the final value, If £ > 1, the poles are real, negative and unequal. The system is called

overdamped. The output rises towards its final value slowly. Critically-damped and overdamped
systems do not exhibit any overshoot.

Figure 4.7 Second-order system.
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The time response of any system is characterized by the roots of the denominator
polynomial gis), which in fact are the poles of the transfer function.
The denominator polynomial g(s) is therefore called the characteristic polynomial and
gls) =0

is called the characteristic eguation. The characteristic equation of the system under
consideration is

2
s+ 285+ =0

The roots of this characteristic equation are given by

et 28w, 5 + mj =(5s—5Ns—5;)
For £ < 1,

_ E - E2 :
S8 =—Cm t jm (J1-& =-E&m % jm,

where @y =, \Jl- &, is called the damped natural frequency.

Most control systems with the exception of robotic control systems are designed with
damping factor & < 1. to have high response speed.

Response of an underdamped system (0 < £ < 1) In this case. C(s)/Ris) can be written as

2 mE

= (4.10)

Cis) & _
R(s) 5 +2m s+, (s+&w, + oy, s+ 5w, ~ jo,)

It

For a unit-step input, R(s) = 1/s. Therefore. Eq. (4.10) becomes

@,

Cis)=

s(s? + 28w, s + @)

I s+28m, 1 s+28m,

5 (8420w s+at) S i [(s+&w )+ —w’E)

| s+ Sea, ¢, oy

s (+éw) +w; @ (5+ie,) +o]

1 s+ &,

5 wie ¥ D
5 {3+§m”}2+mf. ,Illj_éi-fs+§m"}2+m§

Taking the inverse Laplace transform of Eq. (4.11),

(4.11)

dog
—— 5l mdf
J1=£

g,
= I—F—(-.,Il'l — &% cos eyt + & sin m,,.a)

c(ty=1-¢e"*"" cos ot —
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It is damped sinusoid. The response reaches a steady-state value of ¢, = 1, i.e. the steady-
state error of this system approaches zero. The time response for various values of £ plotted
against normalized time @ is shown in Figure 4.9, The system breaks into continuous
oscillations for & = 0.

clf) &

0 2 4 6 8 10 13 e
Figure 49 Unit-step response curves of second-order systems,

As & is increased, the response becomes progressively less oscillatory till it becomes
critically damped (just non-oscillatory) for £ = 1, and becomes overdamped for £ > 1.
Figure 4.10 shows the locus of the poles of the second-order svstem discussed above

with @, held constant and £ varying from 0 to ==. As £ increases, the poles move away from
the imaginary axis along a circular path of radius @, meeting at the point &= -, and then

Poles for0 = £< 1

Double pole for S=1 = '-.|1

g

l“’
\

Poles for £ =

L
i
T,
S,
—
o

Figure 4.10 Pole locations for a second-order system.

Poles for 5= 1 X
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The relation between & and £ is shown in Figure 4,12,

I -9
vi-§

s
Figure 4.12 Relation between & and £

- 2T
The first undershoot occurs at 1 = —
g

I
The second overshoot occurs at + =—— ., and so on.
oF

Peak overshoot M,:  We know that the output of a second-order underdamped system excited
by a unit-step input is given by

gt f

JI-&

The peak overshoot is the difference between the peak value and the reference input.
Therefore,

cliti=1-—

sin (@, + &)

—Chd
e e
Mp =r{rp}—1= 1- - sm{mﬂrp+ﬂ} -1
1-¢
'F_‘:'n'lll‘llp
=— sin (et + &)
1- £
Substituting Eq. (4.15), we get
T

i, J1=&
M’P=—f sin[ﬂ}ﬂi+3]
y1-¢

o E1E

=——_J{—Ein &)
«.llll -
=mf i f1=£ ) =
i A l—éi P 1] -5 (4.16)

L

Therefore, the peak percent overshoot is
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The poles that are close to the imaginary axis in the left half s-plane give rise to transient
responses that will decay relatively slowly and are called dominant poles, whereas the poles that
are far away from the imaginary axis (relative to the dominant poles) correspond to fast-
decaving time responses and are called insignificant poles. In practice, if the magnitude of the
real part of a pole is at least 5 to 10 times that of a dominant pole or a pair of complex dominant
poles, then the pole may be regarded as insignificant in so far as the transient response is
concerned. The roots that are closer to the imaginary axis will dominate the transient response,
and these are defined as the dominant roots of the characteristic equation of the system.

4.8.1 The Relative Damping Ratio

When a system is higher than the second order, we can no longer strictly use the damping ratio
¢ and the undamped natural frequency e, which are defined for the prototype second-order
systems. However, if the system dvnamics can be accurately represented by a pair of complex
conjugate dominant poles, then we can still use £ and @, to indicate the dynamics of the
transient response and the damping ratio in this case is referred to as the relative damping ratio
of the system.

For example, consider the following closed-loop transfer function:

C 20
Mi(s)= L _
Ris) (s+10)s" +2542)
The pole at 5 = —10 is ten times the real part of the complex conjugate poles, which are

at —1 + fl. We can refer to the relative damping ratio of the system as (.707.

4.8.2 The Proper Way of Neglecting Insignificant Poles with Consideration of
Steady-State Response

It the insignificant poles are neglected as they are, the transient response is unchanged. but the
steadv-state response gets affected.
For example, consider the following closed-loop transfer function:

C(s) 20
R(s) (s+100s>+25+2)

Meglecting the pole far away from the origin, the third-order system can be approximated
by a second-order system with the transfer function

C(s) 20
R(5) (s°+25+2)

The transient response of the above two transfer functions will be the same but their steady-
state responses will be different. To maintain the same steady-state response, the transfer
function can be written as

Cs) 20)
Ris) 10(s/10+ (s> +25+2)
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The term 5/10 can be neglected compared to 1. So the third-order system can be written in
terms of a second-order system as

C(s) 20
R(5) 10(s* +2s+2)

Both the above systems will have the same steady-state error.

Example 4.1 For the system with the following transfer function, determine the type and order
of the system:

K(s+3) K

a) (ris)yHisn) = by FisiH{s) =

W G s+ 205 +5) ) e s+ s +25 +3)
+2 20

(€) G(s)H(s)=—— d) G(s)H(s)=

M B R (s=3Ns+0.1) W T s (s +85% +16)

Solution:

(a) The open-loop transfer function has two poles at the origin of the s-plane. so it is a
type-2 system. The highest power of 5 present in the denominator is 4, so it is a fourth-
order system.

{(b) The open-loop transfer function has one pole at the origin of the s-plane. so it is a
type-1 system. The highest power of 5 present in the denominator is 4, so it is a fourth-
order system.

{c) The open-loop transfer function has no pole at the origin of the s-plane. so it is type-0)
system. The highest power of s present in the denominator is 2. so0 it is a second-order
system.

(d) The open-loop transfer function has three poles at the origin of the s-plane, so it is
a type-3 system. The highest power of s present in the denominator is 7, so it is a
seventh-order system.

Example 4.2 The closed-loop transfer functions of certain second-order unity feedback
control systems are given below. Determine the type of damping in the systems.

C(s) 8 C(5) 2
(a) = (b) =
R(s) s*+35+8 R(s) % +4s542
Cis) 2 C(s) v
(c = (d =
) Ris) s +25+1 ) R(s) s%+4

Solution: Comparing the given transfer functions with the standard form of the transfer
function of a second-order system, 1.e. with

sy &.J':
Ris) §* +25wm s +a’
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Example 4.3 A first-order system and its response to a unit-step input are shown in
Figure 4.15. Determine the system parameters a and K.

.r_'“]ll.
] S ST
2
cli) ;’; i
AU (N <O I 7
5+ i
|
: -
01 F8)
(a) (b}

Figure 415 Example 4.3; (a) system and (b) response.

Solution: The system transfer function is

C
Mgyt () _ K
Ris) s+a
For a unit-step input,
R{s}zl
3

Therefore, the output

1 K
C{2)=R{s M (5)=—+—
3 Fr+a
The steady-state value of the output is
Lt e(ry= Lt L"|: A ]:5 Lt f:‘[l— : }

=y Py (8 +a) (1= 8 S+a

A Lt H—e‘"‘)=£
{1 f=pmn i)
From Figure 4.15(b), c{==) = 1. Theretore,
£:]
a
or K=a

L ; dd 1
The initial slope of the output = Lt | —e(f)|=— =10
i P r—rﬂ[f’ﬁ' ( }:| 0.1

L{irm}=st'{s]=s[ K ]= K
it sis+a)| s+a
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Taking the natural logarithm on both sides,

Squaring both sides

g2
ie. (1-&) (M, =1
i.e. (InM,)* =& +(lnM,)°]
< . ﬂnMp:F

7+ (nM,)"

Equating both the expressions for &,

2
. (In M, ) 1

=

a7

x° +(In M, )
i.e. K= .
4T(In M, )’

When K = K;, M, = 0.75. Therefore,

A +(n0.75)° 9952 30.06

K L =
Y o4rmo0.75? 03T T

When K = Ks, M, = 0.25. Therefore,

g T 0025 1179 153
T 4T(no0257 768 T

K, (1/T)x30.06

K, (1/T)x1.53 e
ie. K =196 K,
or K, =L i
196

This indicates that, to reduce the peak overshoot from (.75 to 0.25, K should be reduced
by 19.6 times,
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Example 4.14 A unity feedback control system has an open-loop transfer function

5
Gis)=
s(s+1)
Find the rise time, percentage overshoot, peak time and setthing time for a step input of 10 units,
Also determine the peak overshoot,

Solution: Note that the formulae for the rise time, percentage overshoot, peak time and
settling time remain the same for unit-step input and step input of any amplitude. Only the peak
overshoot varies. The peak overshoot for a step input of 10 units is 10 times the peak overshoot
for a unit-step input.

The closed-loop transfer function of the svstem is

5
Cls)  G(s)  s(s+l) 5
R(s) 1+Gs) ,, 3 245 +5
s(s+1)

Comparing this transfer function with the standard form of the transfer function of a
second-order system,
2
C(5) (i) 5

]

R(s) s*+2fws+@ s +5+5

2

w, =3
or W, = J5 =2.236 radss
2&m, = 1
1 1
f=—— = =0.223
2 2x2.236

Ll

W, =, \1—& =223641-0.223" =2.124 rad/s
g J1-0223
6 = tan™" T"'= tan™' """ — 1346 radss

0.223

The rise time
_r—6  3.141-1346
T oay 2.124

! =0.845s

The percentage overshoot

oM, = !~ 100,
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-x%0.2237,/1-0.225"
=g '3 1005

= 0478 x 100 = 47.8%
The peak overshoot for a unit-step input is

aulil =0.478

100
For an input of 10 units, the peak overshoot is
0.478 = 10 = 4.78

The peak time

The time constant

= T :25
g, 0.223x2.236

For 5% error, the settling time
t,=3Fr=3x2=06s
For 2% error, the settling time

=4F=4x2=38s

Example 4.15 A unity feedback control system is characterized by the following open-loop
transfer function
045 +1

(ris)=——
) 55 +0.0)

Determine its transient response for a unit-step input. Evaluate the maximum overshoot and the
corresponding peak time.

Solution: The closed-loop transfer function of the system is

0.45 +1
C(s)  G({s) _  s(3+0.6)
R(s) 1+Gls) |, O4s+1
sis +0.6)

_ D4s+1
s +s+1
For a unit-step input, r(1) =1. Therefore,

R(s)=1

3
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The output of the system is therefore given by

({5} —1:-:: 045 +1

1+G(s) & s24s+l

A Bs+C 1 s+06

Cls)=R(s)x

e
5 4241 F 345+1
& s+0.5 B 0.1
s 5 +s5+025+0.75 55 +s5+025+0.75
1 s+05 0.1 {(+J0.75)

5 (5 + 0.5 +(4J0.75)° = (J0.75) (5 +0.5)° +(+/0.75)*

Taking the inverse Laplace transform on both sides

0.1
clt)y=1—¢e [Ens 0. 750~ sin \.fu-?s.r]
V0.75

This value of c(f) gives the total time response of the system.

The transient response is that part of the time response which tends to zero as ¢ tends to
infinity. Here in the expression for c(f), as f — ==, the exponential component ¢ " tends to zero.
Hence the transient response is given by the damped sinusoidal component.

Hence the transient response is

V0.75

The values of £ and @, can be estimated by comparing the characteristic equation of the
system transfer function with the standard form of the second-order characteristic equation.
Theretore,

ciry=e™™ [cnﬁ 0.75t - sin l:].'-"ﬁr]

2

sP+2fws+a) =5t +5+1
@, =1
or @, =
28, = 1
1 1
2w, 2x1

The maximum overshoot

—mE ||1_E] - L 5!
M =g g [ =g |4-I|xuj.ll"|.|| 1.5 =G_I.63

P
The % maximum overshoot 1s
M.n * 100 = 0.163 = 100 = 16.3%
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The peak time
T s it

i, = = = =3628s
B
@ @ 1-8 1x\1-05

Example 4.16 The open-loop transfer function of a unity feedback control system is given by

K
s(1+sT)

(F(3) =

(a) By what factor the amplifier gain K should be multiplied so that the damping ratio is
increased from 0.2 to 0.87

(b) By what factor the time constant T° should be multiplied so that the damping ratio is
reduced from 0.9 to 0.37

Solution: The closed-loop transfer function of the system is

K K
C(s) _ s{l+sT) T
RES.} I-l'— __-___K' _____ ..'i'l + E + E

(14 s1) rf T

2

Comparing the characteristic equation s BE g E =0, with the standard form of the char-

acteristic equation s* +2&m s +@, =0 of a second-order system.

1
2w, =—
T
and mj—' i E
T
) £
i.e A
T

ar =
2 KT
(a) When £=&, = 0.2, let K = K,.
When £= &; = 0.8, let K = K.,
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ﬁ{ﬁr 1
K 1 ;’1 16

=1
16

or K 1

Hence the gain K, at which £ = 0.2 should be multiplied by 1/16 to increase the damping
ratio from 0.2 to 0.8,

(b) When £=&, =09, let T=T).
When £=&=03,let T=T,.

B B9

| 7,
== x2,JKT, = |2
¢ 03 2, /KT, T

 a
f—?=[i] =9
L \é&

or T> = 97,

Hence the original time constant 7, should be multiplied by 9 to reduce the damping ratio
from 0.9 to 0.3,

Example 4.17 A unity feedback control system has an amplifier with gain A ; = 16 and gain ratio,

Gis) =

(s 4+ 4)

in the forward path. A derivative feedback His) = sk, is introduced as a minor loop around G{x).
Determine the derivative feedback constant K so that the system damping factor is (1.5.

Solution: The given svstem can be represented by the block diagram shown in
Figure 4.20.

s
Ris) -_C ; K, . Gs) (%)

His) ——

Figure 4.20 Example 4.17: Block diagram.

Here K, = 16, G(s)= ] and H(s) = sK.
55 +3)

The closed-loop transfer function can be obtained by using the signal tflow graph method
as shown in Figure 4.21.
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Solution: The block diagram shown in Figure 4.22 can be simplified as shown in
Figure 4.23.

.F.'I:.!-'} K 'ﬂ:‘r}
. sths + [+ KK,) =

Figure 4.23 Example 4.18: Simplified block diagram.

The transfer function of the system is given by

Cis) _ K
R(s) Js*+(f +KK)s+K
K
_ F
gy frEK K
J J

Comparing it with the transfer function of a standard second-order system,

Cls) @,

R(s) ° +25m 5 + @’

K
B, =47
J
+ KK
and 280, = S+ KK,

f+KK;, [+KK,

E= =
T
E,E_J ki
J

Determination of the values of K and K,

The maximum overshoot M, is given

M If’_‘ﬁf;"l_:z

i

This value must be 0.2, Thus

e*_ﬂi"'ll_"fi =02=¢""

ﬂ_l‘
I 1.6l

152
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Solution:
(a) G(s)= 20
(54145 + 4)

(b)

(c)

The open-loop transfer function does not have any pole at the origin. So it is a type-)
system. Therefore, only a step signal gives rise to a constant steadv-state error. Hence
20 20

KF=LI (rix)= Li =—=3K, =0mdK_=0
s—l a— {S‘l‘l}{.‘-"l"'” 4

Therefore, the steady-state error for unit-step input is

1
1+K, 1+5

1
fﬂ'ﬁ'{[}- E

10(s +4)
s(s+1Hs+2)

f_;{,!.} =

The open-loop transfer function has got one pole at the origin of the s-plane. So, it
is a type-1 system. Therefore, only a ramp signal gives rise to a constant steady-state
error. Hence

K=o, K,=0
and K, = Lt so(iy= Lt s —2 Tl .,
i=i} 2= Ha+)s+2)

Therefore, the steady-state error for a umit-ramp input is

|
e, ()=—=—=0.05
55 K.I,
20
s +is+4)
The open-loop transfer function has got two poles at the origin of the s-plane. So it
15 a type-2 svstem. Therefore, only a parabolic signal gives rise 10 a constant steady-
state error. Hence

G(s) =

KP = oo, K, = oo
2 20
and K,= Lt s*G(s)= Lt s" x— =5
0 2—0 sT(s+1Ns+4)

Therefore, the steady-state error for a unit-parabolic input is

1 1
{ =—=—=I:|.E
e () X s

A
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Example 4.23 A unity feedback system is characterized by the open-loop transfer function

1
 &(0.55 + 10025 + 1)

(Fis)

[Determine the steady-state errors for unmit-step. unit-ramp and unit-acceleration input.

Solution: For a unity feedback system, H{s) = 1.
The position error constant

K, = Lt G(s)

£ Fe=il]

1
Lt =
s=0 5(0.55 +1H0.25 4 1)

=]

Therefore, the steadv-state error for a unit-step input is

| |
e ()= Et =0
() 1+K. 140

fH

The velocity error constant

K = Lt s(7(s5)

=3l

|
= L1 &% =1
§—3() 055+ 10025+ 1)

Therefore, the steady-state error for a unit-ramp input is

Fﬂ_ﬂ_ff_}:—:—:l

]

The acceleration error constant

K =Lt s°G(5)

x=l}

= Lt #*x I =0
50 055 +1K0.25+41)

Therefore, the steady-state error for a unit-acceleration input is

| |
lﬂlﬂ_{f}=—=—=a¢

K 0

i

Example 4.24 Consider a unity feedback system with a closed transfer function

f"{.ﬁ'}l_ Ks+b
R(s) s +as+b
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Determine the open-loop transfer function (i(s). Show that the steady-state error with unit-ramp
a-K

input is given by
Solution: For the given unity feedback control system, the closed-loop transfer function

Cis)y _ G(s) _ Ks+b
Ris) 14+G(s) s*4as+b

Cross multiplying the above equation,
(s* + as + B)G(s) = (Ks + b) + (Ks + B)G(s)
i.e. Gls)(s™ + as + B) — (Ks + B)] = (Ks + b)

Gls) = Ks+b
s[x+{a- K

The velocity error constant

K, = L1 sG(5)

a—=lk

Ks+ b b
— L.t X —
s=00  §[s+(a—-K) a-K

Therefore, the steadv-state error for a unit-ramp input is

em_l_ I a-K
cLr T N T

¥

a-K
Example 4.25 A unity feedback system has the forward path transfer function

K (25+1)

(ris) = =
(3 +1Ms+ 1)

The input #{f) = 1 + 6r is applied to the system. Determine the minimum value of K if the
steadv-state error is to be less than 0.1.

Solution: The given system is a tvpe-1 system. Therefore,

K, ==
K =1Lts Sptedl) - =K
s=0  5(53 +1)(1 + s)
and K,=0

Since the input is #(¢) = 1 + 61, applying the superposition theorem, the steady-state error
for the input
rif) =1+ 6¢ = 1 x (steady-state error for a unit-step input)
+ 6 x (steady-state error for a unit-ramp input)
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1 1 | i 6
=]x +6x = + =
1+ K, K, I+ K, K,
Given that e, < 0.1, for minimum value of K,

(i)
e (N=01=—
pey X,

i}
ar EL=E=5I]

S0 the mimimum value of K, 15 60,

Example 4.26 The open-loop transfer function of a servo system with unity feedback is

10

Gis)=——
=0+

Evaluate the static error coefficients (K, K. K) for the system. Obtain the steady-state error of
the system when subjected to an input given by the polynomial

i
rit) = ay + ayt +?zr2

Also evaluate the dynamic error using the dynamic error coefficients.

Solution: (a) The position error constant
K, = Lt G(s)
21—

; 10 N
=0 5(0. 15 + 1)

L=

Therefore, the steady-state error for a unit-step input is

1 1
e, (1)= = =0

1+K, 1l+4ee

The velocity error constant

K. = Lt sG(s)

¥
Fep

10
= LI 5% 10

0 s(0.1s+1)

Therefore, the steadv-state error for a unit-ramp input is

! 1
P=——=—=10.1
e (1) 10

W
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The acceleration error constant

K, = Lt $°G(s)

1]

= Lt sﬂxLG
5=l (0. 15 +1)

Therefore, the steady-state error for a unit-acceleration input is

|
pl_m_{'f'} = mm . omm o

0

]

For a linear system, we can apply the principle of superposition. Therefore, the steady-state

error for an input
2
t
r{_f_}=ﬂ|:.+ﬂlf+ﬂ1€

= gy * (steady-state error for a unit-step input) +
ay % (steady-state error for a unit-ramp input) +
ay % (steady-state error for a unit-parabolic input)

=ay X (0) + ay X (0.1 + @ X (=) =0+ 0.la; + ea = ea
(b) For the given unity feedback system,
E(s) 1 1 0.15% + 5

R(s) 14G(s) , 10 01l +5+10
s(0.1s +1)

For expanding it into an infinite series in ascending powers of s, write the numerator and
denominator polynomials in ascending powers of s, i.e.

E(s)  s+0.1s s 5 st

= =—= +
R(s) 104s+0.1s> 10 1000 10000

& .5'3 ..554

e, + Eka
10 1000 10000

10 +s+ 0157 | 5+ 0.1s°

5+ 0.1 + 0.014°

—0.015
—0.015° — 0.001s* — 0.00015%

0.001s* + 0.0001s°

Equating it with

E(s)
Riz)

C C
=Cp+Cs+ =257 + 25" +ue
21 3!
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The dynamic error coeflicients are as follows:
. _— .
I!'_,_] == ﬂ._, ‘:-' =—=101 f.: = [
10

Therefore, the dynamic error is

dr(ry C, d'rit)  Csdrit)

e(t)=Cyr(t}+C + +—=
{..} Ck {.} 1 ﬁ‘l’ 2' t.i'fl 3| ﬂ'Ij

—l + & r+£ +I—£ i} +H!‘+£ +l'ﬁ!—E ;- :+£ xl
=l 0T 2 10| ae| © 2 Md'.rzﬂﬂal 2 2

=0+ 0.la, + axf) + 0
= ﬂ'.]{ﬂ! T HEI_}

S aiLl

Therefore, the steady-state error

e, ()= Lt e(t)= Lt 0.1(a + a,1) = o
g

e
Example 4.27 A unity feedback system has

& and r(r) = 10y
s +100.15 +1)

F{5) =

(a) If K =2 s, determine e, (1).
(b) Find the minimum value of K for e, (f) < 0.1, for a unit-ramp input.

Solution:
(a) Input r(f) = 10¢
10
Therefore, R(s)=—
L

The steady-state error for a unity feedback system is given by

K(s)
= Lt sE(s)= Lt
€5 (1) :—.us () :—.::3]+{}{.¢}
2 III]]
5. _2
= Lt g
F=pd) 1+ K

s(5+ 1.,'l|[;[}.l.lr + l]i

s[@]s{s + 100, 1s + 1)

= Lt —2
s=0 g(s +10.1s + 1) + K




You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



230  control Systems

K, = R _ 314 =180 -
¢, 02x314
0
But K, = Lt sG(s)= Lt .1L= 10K
PRy =0 5(1+0.15)
A 10K = 900
or K =90
The closed-loop transfer function is
Q00
C(s)  G(s) _ s(1+0.1s) 2000
R(5) 1+G(s) ;. 900 4% 4105 +9000
(1 +0.15)

Comparing this with the standard form of the transfer function of a second-order system,

2
C(s) _ o,
1 L]

Ris) % +2fm s+’
Therefore, the natural frequency

we get mf = Q000

i.e. with

. = +/9000 =94 87 rad/s

Ll

2éw, = 10
Therefore, the damping ratio

10 10
2w, 2x94.87

= (0.053

Jfﬂ

Example 4.30 A control system is designed to keep the antenna of a tracking radar pointed
at a flying target. The system must be able to follow a target travelling in a straight line with
a speed of 200 m/s with maximum permissible error of 0.01 degree. The shortest distance from
the antenna to the target is 250 m. Find the value of error constant X, in order to satisfy the
requirements.

Figure 4.28 shows the arrangement.

200 mfs

250 m

Figure 428 Example 4.30.
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Solution: speed = 200m/'s

200
Angular velocity = tan™ = 38.66 deg/s = 0.675 rad/s

The steady-state error

_ Angular velocity

FI.T 5 K

_ Veloaity  38.66
Eror 0.01

K = 3366

P

ar

the steady-state error = 0.01° = 0.01x iﬂ rad

675 :
P 0.67 =Dﬁ?5‘xlﬁﬂ=355?

150

49 RESPONSE WITH P, PI, PD AND PID CONTROLLERS
49.1 Proportional Control

In proportional control, the actuating signal £.(s) is proportional to the error signal E{s). Hence
the name proportional control system. The block diagram of Figure 4.29 shows the proportional

control action,

E(5) Cis)
K, —  (Gis)

Az (=

Figure 4.29 Block diagram of proportional control system.

For quick response, it is necessary that the control system should be underdamped. An
underdamped control system has exponentially decaying oscillations in the output time response
during the transient period. The sluggish (slow moving) overdamped response of a control
system can be made faster by increasing the forward path gain of the system. An increase in
the forward path gain of system results in a reduction of the steady-state error but peak
overshoot gets increased. For a satisfactory performance of a control system. a convenient
adjustment has to be made between the maximum overshoot and the steady-state error. Without
scarifving the steady-state accuracy, the maximum overshoot can be reduced to some extent by

modifying the actual signal.

AT

E_(5) .
E(sy 7

where K, is known as proportional gain,
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4.9.2 Derivative Control

In derivative control, the actuating signal consists of proportional error signal and derivative of
the error signal. i.e.

o
e =e(t)+ T, EPU?J (4.27)

Taking the Laplace transform on both sides of Eq. (4.27).
EAs) = Es) + Tisk(x)
1.e. E (5} = (1 + sTHE(s)

Figure 4.30 shows a block diagram of a second-order unity feedback control system using
derivative control.

B

)

| —
B (%) oz + 2Em ) ‘

Figure 4.30 Block diagram of a contral system with derivative control.

The overall transfer function of the system of Figure 4.30 is given by

>

3
1+sT z

C(s) _ thokidas (s +28@,)
R(s) 2

)ty — B

s(s+2ga, )

@’ (14 5T,)

sf 4+ 28w s+ + 5T,

ar (14 5T,)
s+ (28w, +@’T, )5 + &}

50, the characteristic equation 1s

37+ (28m, + @ T s +w: =0 (4.28)

I

If £ is the effective damping ratio of the second-order svstem with derivative control, its
characteristic equation should be

2+ 28w s+ =0 (4.29)
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i.e.

Comparing Egs. (4.28) and (4.29),

2gllllﬁl'il.lr - 2;.'{:l:j.ll + 's‘.ll'ii.lzrir:lI

2w, + @l

g2
mr.l 'Tr]'
=L+
g=ge

(4.30)

Equation (4.30) shows that the damping ratio is increased using derivative control, but the
maximum overshoot is reduced. Now the overall transfer function of the system of Figure 4.30
can be written as

w7 [.H- : ]
[-.'[:.5}_ an

Ris) s +28m 5+,

The error function is given by

For a ramp input,

E(s) 1
Ris) 1+G{s)H(5)

s + 28w, )

- .ﬂs+2§mﬂl+mffl+.ﬂ"dl

E(s) s(s+25aw)

1
E(s)=—.—
558+ (25w, + T, )5 +ar

R(s) s*+(2¢w, + @’T,)s + &

Therefore, the error signal

i =1
1
R(8)=—
(5) 2
s(s+25m, )

The steady-state error for a unit-ramp input is given by

e, (r)= Lt sE(5)

=kl
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The damping ratio with derivative control is
w, T
";" e '¢-+ J:?r i

Since the damping ratio with derivative control is to be (L7535 and @, = 2, we have

2xT;
0.75=025+ >

Tqg= 0.5

Therefore, the block diagram with derivative control is as shown in Figure 4.34,

Rs) ) 4 Cls)
» 1 +0.5s ® T+D

r

Figure 4.34 Example 4.31: Block diagram with derivative contral.

Without derivative control, the rise time

g —lan
_m-4d g
= = >
aty rﬂ"\lrl—rf
-1 ¥1-025°
FoUM a3 1823

=0.942 s

2xy1-0257 1936

The peak time
T T

Dy @,f1- &

S I— 1.625
2J1-0.25°
The peak overshoot is given by
M =F_mff'*'l"_?

o

_ F—nﬂ.éﬁhlll—ﬂ.ii‘-"

=0.4443
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The overall transfer function with derivative control is

4(1+0.55)
Cis) _ s(s+1) _ 4(1+0.5s)
R(s) [, H1+033) 5% 43544
ss+1)
_ 4+42s
sF+3s5+4
For a unit-step input, r{#) = |
E{s}=l
)
Cls) = 4+ 25

s(s2 +3s+4)

.-'-1.+ Bs+C
s s 435+4

1 (s+1) 1 s+1
TS5 S +35+4 5 (s+15° 4175
1 (s+1) 1 (s+15)-05
TS GALS) 41327 85 (s+15) +1.322
1 (2 +1.5) 0.5 1.32

$ (s+1.57 41327 132 (s+1.5)°% +1.32°
e =1-¢e1%cos 1.3 + 03781 gin 1.32¢

=1 — ¥ (cos 1.32¢ - 0.378 sin 1.320

At =t
o) = 1
1.e. elt.) =1

1=1-¢"" (cos1.32r, —0.378sin 1.324,)
cos 1.32¢4. = 0.378 sin .32,
tan 1.32¢, = 1/0.378 = 2.645
1.32t, = tan”' 2.645 = 69.28° = 1.209 rad
f, = 1.209/1.32 = 0.916s

For peak time, differentiating the output equation with respect to f and equating to zero

dr

_IF =t

%r{!} =i[1—ﬁ'_l'm{cusl.EEI—U.EI-TEsinl.EEI}] =0
I

~
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ie. —e™' [—5in 1.32¢ (1.32) - 0.378 % 1.32 cos 1.321]
~e™ (~1.5)[cos 1.32 — 0378 5in1.32¢]| _, =0
"
€. —1.32 sin ].32:1, — 0.498 cos 1.321'._,, + 0.567 sin 1-331_u — 1.5 cos '[.3211, =0
i.e. —{).753 sin I.EE:P — 1.998 cos I.JE:F = {)
tan 1.32t, = —1.998/0.753 = -2.653

, _tan7'(-263) 7-tan”'263 x-1207
F 1.32 1.32 1.32

Peak output occurs at £ = 4,

=1.46s

ct,)=1-¢ """ (cos 1.32t, —0.378 5in 1.321,,)

=1— 1 006 1.32 X 1.46 — 0.378 sin 1.32 x 1.46)
=1 =¢%"% (cos 1.927 = 0.378 sin 1.927)

=1 -0.119 {(cos 110.4° — 0,.378 sin 110.4%)

=1 —-0.119 ().348 — 0.354)

= 1.08
Therefore, the peak overshoot
My = o(ty) — cle=)
= 1.08 — 1 = 0.08
%M, = 8%
Example 4.32 In Example 4.31, 1t is desired the damping ratio be 0.75. Determine the deriva-

tive rate feedback K. Also determine the peak time, rise time. steady-state error and maximum
overshoot with and without feedback for unit-ramp input.

Solution: The characteristic equation 1s
P+s+4=0
£=10.25
and @, = 2

Let & be the damping ratio with derivative feedback. Therefore,

e ﬂ'}I'I"H‘r
=F4 L
¢ =gt
Putting values in the above equation, we get
2K
0 T5=ﬂ.25+—--~2'
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The steady-state error without feedback is

o 2 . 2x0.25 - 0.25
el 2

Already we have determined 7., 7, and M, to be
= 0942 5, 1, = 1.62 5, and M, = 0.444

The overall transfer function using derivative feedback control is

5 L o’

N

R(s) s* +(28m, + w2K,)s + o

Given that £ = 0.25 and m, = 2 rad/s, K, = 0.5

Clsy 4

R(s) s +3s+@ s +3s+4

The characteristic equation is

s2+3s+4=0
e, E=0.75
and w, =2
The rise time
2
I=&
-1
gT=—tan - =
r—8 b
r= =
W mﬂJl_gi
)
F=lam ——
_ 0.75
2x41-075°
_ 2419 18205
1.322

The peak time
f = T - b 4
a=—= =
@ @ 1= 21-075

The maximum overshoot

=359

£

_Iu-'=,rl]_
M, = m

o F—.q*xﬂ.'."!"n'u'!l—ﬂ.'.l':'i:
= 0.074 = T7.4%
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The steady-state error
28

L

= 2X073  05=125

4.9.4 Integral Control

For integral control action, the actuating signal consists of proportional error signal added with
integral error signal, i.e.

e (1y=e(r)+ K, jf’{f}n’! (4.34)

where K, is a constant,
Taking the Laplace transform on both sides of Eq. (4.34),
Ei5) [

: K;
E ()= E(s)+ K; === E(s) 1+—fJ (4.35)

&

Figure 4.35 shows the block diagram of a system with integral control action.

E {5)

sl + Engﬂj"] T

Figure 4,35 Block diagram of a control system with integral control,

From the block diagram, the closed-loop transfer function is

W rrr
14— || —
C(s) _ $ ) 8" +28m 5

R{S:I B KJ' 'ﬂ'-"'s
= i T
s M s” +28m, s

" (s+K,) @)

o
s+ 25w, 5" +wls + Ko

The characteristic equation s’ +E§m;r51 + m,fs +K4-m: =0 1s of third-order. S0 we see that

the second-order system has become a third-order system due to the inclusion of the integral
control.
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(b)Y Without error rate control
When K, = 0,

10
58+ Ei

f;{j} = -

Therefore, the closed-loop transfer function is

10

5'{-(.5]1_ s(a+2) _ 10

B 10 29

Bp(s) 14 s 425 +10

(s +2)
Comparing this transfer function with the standard form of the transfer function of a
>
second-order system — 2 - we get

5+ 28m 5 + ar,

mﬂ =10

i =10 =316 rad/s
meh =1

f=—2 - =0.32

2 2x3.16

il

I

The settling time

4 4
F ey —

+ 4 = T 45
car, 032x316

The peak overshoot
M, = RN moniies? g 36
The steady-state error
| 1

| 1

g ({)=—= = =_=0.2rad
K Lt sGis) 10 5

i—0

¥ L s

=0 5(s+2)

SHORT QUESTIONS AND ANSWERS

1. What do yvou mean by time response of a control system?

A. The time response of a conirol system is the output of the system as a function of time.
It is given by the inverse Laplace transform of the product of input and system transfer
functions. The time response of a control system is the sum of the transient response and
the steady-state response.
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-

Lad

. What do you mean by transient response? On what does it depend?

. The transient response of a system is that part of the time response which tends to zero

as f tends to infinity. It is the response of the system when the input changes from one state
to the other. The nature of the transient response is dependent only on the system poles
and not on the type of input. The transient response of a system is also called the dynamic
response.

. What do vou mean by steadv-state response? On what does it depend?

A. The steady-state response of a system is that part of the time response which remains

L

el

> e oo

constant as { — ==, It is dependent on the system poles as well as on the tvpe of the input.

What is the importance of test signals?

. The importance of test signals is: the test signals can be easily generated in the labora-

tories and the characteristics of test signals resemble the characteristics of actual signals.
The test signals are used to pre-determine the performance of the system. If the response
of a system is satisfactory for a test signal, then the system will be suitable for practical
applications.

. Name the standard test signals used in control systems.
. The standard test signals used in control systems are: impulse, step, ramp, parabolic and

sinusoidal.

Why are test signals needed?

Usually the input signals to a control system are not known fully ahead of time. They may
be random in nature. But to test the performance of a system while designing, some inputs
are required to be given. They are called test signals.

Define the test signals: (a) step (b) ramp (¢) parabolic and (d) impulse.

. A unit-step signal is one which remains at zero level for 1 < 0 and changes suddenly to

alevel of unityat f= 0 and remains at | for 1 > 0, ie. (N =0 for ¢t < 0 and u(r) = 1,
for t = 0,

A unit-ramp signal is one which remains at zero level for 1 < 0 and increases linearly with
time forr= 0, ie. /(M) =0, forr <0 and n($) =1 for 1 = 0.

A unit-parabolic signal is one which remains at zero level for ¢ < 0 and increases as per
the equation %2 for t > 0, i.e. () = 0, for r < 0, and r(f) = /2 for 1 > 0,

A unit-impulse signal is defined as a signal which has zero value everywhere except at
1 = 0, where its magnitude is infinity. &(1) = 0, for ¢ # 0; (1) = =, at 1 = 0.

What do yvou mean by weighing function?
The system’s impulse response is referred to as weighing function of the system.

Define the impulse response of a system?

The impulse response of a system is the response or the output of a system for a unit-
impulse input. The impulse response of a system is also defined as the inverse Laplace
transform of its transfer function. It is also referred to as the weighting function of the
system.
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10.

11.

12.

13.

14.

How are higher-order systems approximated to second-order systems?

. Higher-order systems usually have a pair of complex conjugate poles with damping less

than one which dominate over other poles. So they can be represented by second-order
systems considering only the dominant poles and neglecting all other poles.

Define the terms:

(a) Pole

(b} Lero

. The pole of a function F{s) is the value of s for which the function F(x) becomes infinite.

The zero of a function F{s) is the value of & for which the function F(s) becomes zero,

What do you mean by the term “order’ of a control system?

. The term ‘order’” of a system indicates the order of the differential equation used to

describe the system. It is also given by the highest power of s present in the denominator
of the closed-loop transfer function. The highest power of 5 in the denominator gives the
number of poles of the system and so the order of the system is also given by the number
of poles of the transfer function.

What do you mean by time constant of a system? What does it indicate?

. The time constant of a system is defined as the time taken by the output to reach 100%

of the input step if the initial slope of the output i1s maintained constant. It is indicative
of how fast the system tends to reach the final value. A large time constant corresponds

to a sluggish system and a small time constant corresponds to fast response.

How is the speed of response defined?

. The speed of response can be quantitatively defined as the time required for the output

to become a particular percentage of its final value,

. Define the characteristic polynomial,

A. The denominator polynomial of the closed-loop transfer function is called the character-

16.

1Istic polynomial.

Define the characteristic equation. Why that name?

. The denominator of the closed-loop transfer function equated to zero is called the

characteristic equation. The roots of the characteristic equation characterize the behaviour
of the system. Hence that name,

. How are the poles of a closed-loop svstem and roots of the characteristic equation related?

A. The roots of the characteristic equation are the same as the poles of the closed-loop

15,

transfer function.

What does the time constant of a system indicate?

. The time constant of a system is indicative of how fast the system tends to reach the final

value. A large time constant corresponds to a sluggish system and a small time constant
corresponds to fast response.
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19,

20.

21.

F ¥ 5

Define the term “damping ratio” of a system.

. The damping factor or damping ratio & of a system is defined as the ratio of actual

damping to critical damping.
How are control systems classified depending on the value of damping?

. Depending on the value of damping. control systems may be classified as follows:

(a) Undamped systems, £ =0 (b) Underdamped systems, & < |
(c) Criticallydamped systems, & = | (d) Overdamped systems, £ > |

What is the location of poles for different types of damped systems?

. {a) For undamped systems, £ = 0. The poles are on the imaginary axis and are conjugate

of each other.

{b) For underdamped systems, 0 < £ < 1. The poles are in the lefi half of the s-plane and
are the complex conjugate of each other.

(c) For critically-damped systems. £ = 1. Both the poles are real, negative and equal.
(d) For overdamped systems, £ > 1. The poles are real, negative and unequal.

What is the nature of response of a second-order system with different types of damping?

. The nature of response of a second-order system with different types of damping is as

follows:

(a) For undamped systems. the response is purely oscillatory.

{(b) For underdamped systems, the response is damped oscillatory.

(c) For critically-damped systems, the response is exponentially rising.

(d) For overdamped systems. the response is exponentially rising but the rise time will be
very large.

For quick response, what type of damping is preferred?

For quick response, the control system should be underdamped. So control systems are

normally designed with £ < 1, i.e. mostly they are underdamped systems.

What do vou mean by undamped natural frequency?

The undamped natural frequency a, is the frequency at which the system will oscillate in
the absence of anv damping.

What do yvou mean by damped frequency of oscillation?

. The damped frequency of oscillation. @, =@ 1-E* is the frequency of damped

oscillations of an underdamped system.

List the time-domain specifications of a second-order underdamped system excited by a
unit=step input,

The time-domain specifications of a second-order underdamped system excited by a step
input are (a) delay time, (b) rise time, {(¢) peak time, (d) maximum overshoot, (e) settling
time and (f) steady-state error.
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42.

45.

47.

49,

[
n

6l.

The acceleration error constant K, is indicative of the error in output for a
input.

Control systems are classified in accordance with the number of integrations in the open-
loop transter function as ) 3 systems etc.

A system with no open-loop poles at the origin of the s-plane is called a
system.

A system with one open-loop pole at the origin of the s-plane is called a
system.

. A system with two open-loop poles at the origin of the s-plane is called a

system.
The number of open-loop poles at the origin of the s-plane indicates the of
the system.
. A type-0 system has position error, velocity error and
acceleration error.
A type-1 system has position error, velocity error and
acceleration error.
A type-2 system has position  error, velocity error and
_acceleration error.
The describe the ability of a system to reduce or eliminate steady-state errors.
. As of system becomes higher, progressively more steady-state errors are
eliminated but it is more difficult to the system and the eIrors

for such systems tend to be larger.

. The highest power of s present in the denominator of the closed-loop transfer function

indicates the of the control system.

The time-domain specifications of a control system are . ;
., and

- -

The relation between the static and dynamic error coefhicients 15 O, =
Cy = and O =

In proportional control, the actuating signal is to the error signal.

It is necessary that the control system must be for quick response.

. The sluggish overdamped system can be made faster by increasing the of the
system,.
Due to the increase in the forward path gain, the gets reduced but the

increases.

. The actuating signal for derivative control action consists of error signal
added with error signal.
Derivative control results in an of damping ratio but the 1%

reduced.
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62
63,
64.
65
06
67.
it

69.

70,
71.
71

73.

74.

76.

i1,
T8.

79.

1.

. Derivative control does not affect
Derivative control results in the addition of a to the transfer function.
Derivative control the value of w,.

. The introduction of zero in derivative control results in of rise time ..

. In integral control, the actuating signal consists of error signal added with

of the error signal.

The derivative feedback control is also called the feedback control or
feedback control.

In derivative feedback control, the actuating signal is the difference between the
error signal and of the output signal.

Derivative feedback control the damping ratio and so the maximum

overshoot will be

Derivative feedback control the steady-state error of the control system.

Integral control the order of a control system.

The addition of a pole to the forward path transfer function the order of the

system, the overshoot, the stability, the rise time

and the bandwidth.

The addition of a pole to the closed-loop transfer function the rise time and
the overshoot.

The addition of a zero to the closed-loop transfer function the rise time and
the maximum overshoot.

The poles which are very near to the imaginary axis are called poles and the

poles which are far away from the imaginary axis are called poles,

In design of higher-order systems, the poles of the system are used to control

the dyvnamic performance of the system whereas the poles are used for the

purpose of ensuring that the controller transfer function can be realized by physical
components.

I the system dynamics of a higher-order system can be accurately represented by a pair
of complex conjugate dominant poles, then that £ is called damping ratio.
If the significant poles are neglected as they are, the response is unchanged,
but the response gets affected.

To maintain the same steady-state response, the transfer function has to be written in
form.

. A pole may be regarded as insignificant, if the magnitude of the real part of the pole is

at least times that of a dominant pole or a pair of complex dominant poles.

Answers to Fill in the Blanks

parameters 2. not known 3. a sudden shock, a sudden change, a constant velocity and

a constant acceleration 4. system poles, input 5. system poles, input 6. unit-impulse,
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unit-step, unit-ramp, unit-parabolic, sinusoidal 7. impulse response 8. impulse 9. weighting
function 10, step 11. ramp 12, parabolic 13. transient response, steady-state
response 14, dynamic response 15, transient 16, how fast 17, sluggish, fast 18. damping
ratio 19, undamped natural frequency 20. characteristic polynomial 21. characteristic
equation 22, poles 23. characterize 24. damped 25.< 26. undamped 27. underdamped
28, critically-damped 29. overdamped 30. less 31. delay time 32. rise time 33. peak
time 34. peak overshoot 35. settling time 36. @y, 37. steady-state  38. nature of inputs,
type of svstem. the nonlinearities 39. unit-step, unit-ramp. unit-parabolic  40. unit-step
41. unit-velocity 42, unit-acceleration 43. type-0, type-1, type-2 44, type-0 45, tvpe-]
46. tvpe-2 47, type number 48. finite, infinite, infinite  49. zero, finite, infinite 30, zero,
zero, finite 51, steady-state error constants 52, tvpe, stabilize, dynamic 53, order 54. delay
time, peak time, rise time, maximum overshoot, settling time, steady-state error 55. Oy, = I/
(I + K, C, = UK, C; = /K, 56. proportional 57. underdamped 58. forward path gain
59. steady-state error, maximum overshoot 60. proportional, derivative 61. increase,
overshoot 62. the steady-state error 63. zero 64. does not change 65, reduction
66. proportional, integral 67, rate, tachometer 68. proportional. derivative 9. increases,
reduced 70. increases 7T1. increases 721, increases, increases, reduces, increases, reduces
73. increases, reduces 74, decreases, increases 75, dominant, insignificant  76. dominant,
insignificant  77. relative 78, transient, steady-state 79, time constant 80, 5 to 10,

OBJECTIVE TYPE QUESTIONS

1. Knowledge of the transfer function of a system is necessary for the calculation of
(a) time constant (b) output for a given input
{c) order of the system {d) none of these

2. Zero mitial conditions means that the system i1s

{a) working with zero stored energy

{b) working with zero reference signal

{c) at rest and no energy is stored in any of its components
{d) none of these

3. The transfer function is defined for
{a) linear time-invariant systems (b) hnear time-varying systems
{c) nonlinear systems {d) none of these

4. The error signal in a control system is

{a) the difference between the measured value and the set value
{(b) the sum of measured value and set value

{c) the ratio of measured value to set value

(d) none of these
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4.8 A closed-loop control system is represented by the differential equation

d’c _de

—+0—=20e

dr di
where ¢ = r — ¢ is the error signal. Determine the undamped natural frequency, damping
ratio, and percentage maximum overshoot for a unit-step input.

4.9 A unity feedback conirol system has an open-loop transfer function

{}{.‘j’} =

s(s+2)

Determine the rise time, peak time, peak overshoot and the settling time when a step
displacement of 15% is given to the system.

4.10 Determine the values of K and T of the closed-loop system shown in Figure P4.3 so that
the maximum overshoot in unit-step response is 20% and the peak time is 1.5 s. Assume
that J = 1 kg-m?,

Ris) ES i)
K 1 |
1+7Tx M
Figure P4.3

4.11 A unity feedback system is characterized by the open-loop transfer function

(i(s)= :
(045 +100.155 +1)

Determine the steady-state errors for unit-step, unit-ramp and unit-acceleration inputs.
4.12 The open-loop transfer function of a unity feedback control svstem is given by

20

(F(5) = —
e+ 2)s+5)

Find the steadv-state error when it is subjected to the input, r(r) = 5 + 3¢ + 2%
4.13 A unity feedback system has

10

(fz)=
(5) s+ 2)

Find the generalized error coefficients and the steady-state error.
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4.14

4.15

4.16

4.17

4.1
4.2

4.3

4.4
4.5

A unity feedback svstem has the forward path transfer function
10
Gs)=
5(s+2)

Find the steady-state error and the generalized error coefficients for r(f) = 1.

For a unity feedback system having an open-loop transfer function

K(s+2)s+3)

((s) =
2052 +85 +15)

Determine (a) type of system, (b) error constants K, K, and K and (¢) steady-state error
tor unit step, unit-ramp and unit-parabolic inputs.

Find the position, velocity and acceleration error constants for the following unity
teedback systems having the forward path transfer function G(s) as
: 25 20
(a) G(s)= (b) Gi(s)=
{1+ 0.1s5)1 + 0.65) s(1+40.15)1 + 0.55)
3 S50 A 25
(€) Gs)y=—— (d) Gls)=——
5°(s°+8s+10) st +5+4)
The open-loop transfer function of a unity feedback control system is

S5+ 2)

r(5)=
t) {s+1Ks+3)

Using the generalized error series, determine the error signal and the steady-state error of
the system when it is excited by

(a) v = 1 {(b) r(t)y = 2t

I 2
(c) r{:}:% (d) r{.r}:1+2r+%

Answers to Problems

(a) Underdamped (b) Overdamped (c) Critically-damped (d) Undamped

@y = 8.56 rad/s, 1,=0.293 s, 1, = 0.366 5, M, = 0.046, , = 0.476 s (for 2%),
1, = 0.357 s (for 5%); C(s)R(s) = 144/(s° + 16.8s + 144)

Underdamped, ¢ =0.972 s, 1, =128 s, M, =0.036, (, = 2.002 s (for 2% error),
t, = 1.50 s (for 3% error).

Cif)y =1 — &+ (cos 1.936/ + 1.291 sin 1.936¢)

ay = 3.464 radls, . = 0.604 s, 1,=0.906s, M,=0.162, 1,=2s (for 2% error),
i, = 1.5 5 (tor 3% error).
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4.6

4.7
4.8
4.9

4.10
4.11
4.12
4.13

4.14

4.15

4.16

4.17

3 3

sy _ - » @, =17.32 rad/s, £=1.156
Ris) s° + 405 + 300

8.102

@y, = 4.472 rad/s, ¢ = 0.67, % M, = 19%

.=129s, 1,=1813s, M, =2445° % M,=163%, 1, =4 s (for 2% error),
f., = 3 s (for 5% error).

K =35514, T'= 0388

e, (step) = 0, e, (velocity) = 1, e, (acceleration) = 0

Egg — @

Cyp= o0, C; = §, Co= 503, e, (1) = oo
36 216

Cox U} ey l*—1-::- = ﬁq r‘l = EJTE =E

« 6K

Type-2 system K, = oo, K, = oo, a =75

e, (step) = 0, &, (ramp) = 0,

15

6K

(@K, =25K=0K,=0 (b) K, ==, K, =20, K,=0
(€) K, = e, K, =00, K, =5 (d) K, = o0, K, = o0, K, = o

¢, (parabolic) =

elt)= 1rq‘_:}| + E Flt) -

Fir)
13 165 2197

3 3
(a) e(r)= oy e, (1) = o

0 50
b f)=—1t 4+ —, 1) =o0
(b) &) 13 169 € ()

3, 25 :
(c) e(t)=—1" + r— ;
¢ 26 169 2197

.p"ﬂ {I‘J = 63

3 2] 25 95
d) e(i})=—|1+2t+— |+—(2+1)— e ()=
LI 13[ 2] 159{ ) 2197 "
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The Routh stability criterion is an algebraic method to determine the stability of linear
control systems. Being an algebraic method. it is very simple. There is no need to solve for the
roots. Information about stability of control systems can be obtained directly from the
coeflicients of the characteristic equation. The limitations are as follows:

3.

It is valid if and only if the characteristic equation is algebraic with real coefficients. If
anyone of the coefficients is complex, or if the equation is not algebraic. such as
containing exponential functions or sinusoidal functions of s, the Routh criterion simply
cannot be applied.

Another limitation of the Routh criterion is that. it is valid only for the determination
of the roots of the characteristic equation with respect to the lefi-half or right-half of the
s-plane. The stability boundary is the jeraxis of the s-plane. The criterion cannot be
applied to anv other stability boundaries in a complex plane such as the unit circle in
the z-plane, which is the stability boundary of discrete-data systems,

It gives information only on the absolute stability of a system. Determination of relative
stability by repeated application of the Routh criterion by shifting the origin of the
s-plane is quite cumbersome, It does not suggest how to improve the relative stability
or how to stabilize an unstable system.

. It can tell how many roots of the characteristic equation are in the right-half of the

s-plane, but it cannot give any information about their exact location. Also it cannot tell
whether the roots are real or complex,

This stability criterion applies to polvnomials with only a hinite number ol terms.

Example 5.3 The characteristic equation of a servo system 15 given by

lf:'nsq + Ii:'|.'.:|'3 + IF:'}'P': + f’q.’.‘l' =+ Ihq_ = {)

Determine the conditions which must be satished by the coefhicients ot the characteristic
equation for the system to be stable.

Solution: Form the Routh table as shown below,

.5'-'

By By By
h1 hﬁ
Iy — Iyl Byl --I.r,"::-f.{]l:hl
Iy by
(byby — bybs Moy — by by
bylry — gy
by

For stability, all the elements in the first column of the Routh array must be positive. So,
the conditions that must be satisfied for stability of the given system are as follows:

by > 0, byby — byby > 0, (byby — byby)hs — bEhy > 0, by > 0
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Example 5.4 By means of the Routh criterion, determine the stability of the systems repre-
sented by the following characteristic equations. For systems found to be unstable, determine
the number of roots of the characteristic equation in the right-half of the s-plane.

{a) 5° + 5+ 245° + 482 - 255 - 5=10

by *+28 + 1052+ 85 +3=0

(c) s*+ds° + &+ B +1=0

(d) #+57 4657+ 125+ 18 +6=0

() s+ 267 + 85 + 1557 + 2052 + 168 + 16 =0
Solution:

(a) In the given characteristic equation

st 248 + 4857 - 255 - 5=10

the coefficient of s and the constant term are negative. Hence the necessary condition
for stability is not satisfied and so the system is unstable. There is no need to formulate
the Routh table to check for stability. However, to determine the location of the roots
in the s-plane, formulate the Routh table as shown below.

5 I 24 —25
& | 45 -5
: Y o . | s o,
& 1x24 lxnlE:_,M 1x(-25)—1%1 5]:“2{J
1 |
- ek | o il HEE HES HH
i3 24 =48 =1 '{}}=4T.115 24 = (-5 1:~-:IIZII=_5
—24 -24
ol 4?.16xi—2ﬂ}—f—24]x[—5}=_ﬂ_54
47.16
I +12.54xf~53a4?.15xu__5
—22.54

There are three sign changes (s* row to s° row, &° row to s° row and s row 1o +' row)
in the elements of the first column of the Routh array. Hence, there are three roots of
the characteristic equation in the right-half of the s-plane.

by s*+257 + 1052+ Bs + 3 =

The Routh table is formed as follows:

¥ | 10 3
5 2 B
* = a7 =

. 2x=10 1:=-=:E=|5 2x3 1:-:IJ=3

2 2
3 sz M:ﬂ

¥ G
r 1’:-:3—45:-:[}:3

i
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To find the other roots, factorize the characteristic equation
st + B+ B+ T+ A= (5 + INS + 457+ Ty + 4)

=2+ 1)z + 1IN+ 35 + 4)

= (5% +1)(s + 1}[: +1.51‘E][5+1u ;\E]

Alternative method:  In fact, the moment difficulty 2 arises (i.e., a row of zeros exists),
we can conclude that the system is unstable. The roots on the imaginary axis can be

obtained by solving the auxiliary equation, i.e.
s+ 1=0
The characteristic equation is divided by the auxiliary equation

Frdst+Te+ 4

F+ ]| sF+4st+B8F +8 0+ s+ 4
5 + 5

45t + Tsd + Be* + T + 4

453 + 45*

Ted + 452 + s + 4

75 + 74

+ 45° + 4
+ 45t + 4

0

e, S4B 8P T+ A= (N A+ T+ )

Apply Routh’s test on 5° + 45° + 75 + 4 = 0 1o check the location of the other roots.

5 | 7
5* 4 4
5! 4} \
L 4

There is no change in the signs of the elements of the first column of the Routh array.
Hence there is no root of the revised characteristic equation in the right-half of the s-
plane. Since there is one pair of poles on the imaginary axis, the system is marginally
stable.
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(c) In the given characteristic equation

B+ P -2 3P T —ds—4=0

the coefficients of 5%, 5% 5°, 5 and constant term are negative, Hence the necessary

condition for stability is not satisfied. and so the system is unstable. There is no need
to formulate the Routh table to test for stability. However, to determine the location of
the roots of the characteristic equation in the s-plane, the Routh table is formulated as

follows:
&P 1 2 -7 4
5 l -3
o IKE—E‘Julx{-E}I:l 1.‘3-&"['-?]-11"-1'['-'*'-”=_E.r
1 |
& 13{{—3}—1}:[—3J=ﬂ lx{—4}—]x{—4]:D
| 1
5
5!
&1

There is a row of zeros (all the elements of s* row are zeros), i.e. difficulty 2 arises,
which indicates that there are symmetrically located roots in the s-plane.

The auxiliary equation is
Ay=s*'—3s2—4 =0
1.8 Ay = -+ =0
e, A(s) = (s + 2)s = 2)s + JHs = J)

That is, there is a pair of conjugate roots on the imaginary axis, and there is a pair of
symmetrically located roots on the real axis.
To determine the other roots, factorize the characteristic equation

Al Sl Ry | S | L, |2 . § RN B A | o § O SR R

S +s5+1=(s+05+ j40.75)s + 0.5 - j4/0.75)
Therefore, the roots of the characteristic equation are s = #fl, s = —jl, s = +2, s = -2,

s==03+ 075 and 5 =-0.5 — f40.73,

Example 5.8 Using the Routh criterion, check whether the system represented by the
following characteristic equation is stable or not. Comment on the location of the roots.
Determine the frequency of sustained oscillations if any.

st 2+ 652+ Bs+8=0
Solution: The Routh table is formulated as follows:

i | 6 B
o s 8
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(¢)

st 1 13 K
5 4 36
§ 4x13—1>¢3ﬁ:4 4xﬁ'—lxﬂ=x
) 4
r 4x35—4xﬁ=35_ﬁ, 0
4
r {Sﬁ—ﬁ'}ﬁf—smﬂ:ﬁ,
G-k

For stability, all the elements in the first column of the Routh array must be positive.
Therefore, from the s" row

K=10
and from the s' row
Wm-K=>0
1.e. K < 36

Since the open-loop gain K must be positive, the range of values of K for stability is
0= K <36
The Routh table for the characteristic equation
st + 20K + 552+ 105+ 15=10

is formed as follows:

T 1 5 15
s 20K 10
2 20K x5 -1x%10 WK X15-1%0 __ <
20K 20K ’
(100K —10)% 10
, 20K —20Kx15 400k —10-600K
! 100K — 10 T 10K -1
20K
s 15

For stability, all the elements in the first column of the Routh array must be positive.
Therefore, from the s° row,

20K =0
Le. K=>10
From the s° row

100K = 10
1.2, K =01

From the 5! row K must be complex.
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Since K must be a real positive number, the third condition cannot be satisfied. So the
system is always unstable.

Example 5.10 The characteristic equation of a feedback control system is given by

()

st+2088 + 1582+ 25+ K=0

Determine the range of values of K for the system to be stable.

{b) Can the system be marginally stable? If so, find the required value of K and the fre-

quency of sustained oscillations.
Solution:
(a) The Routh table for the given characteristic equation is formed as follows:

' l 15 A

5 20 2

- 3 =
& 20x15 1:-:1:14.9 =K I:-erI:ll:h__
20 20
: 149%2-20x K
5 L
149

£ K

For the system to be stable, all the elements in the first column of the Routh array must

be positve. Therefore, from the s row

K>0
and from the s' row
2% 149 -20K =0

LE, K< 149

So the range of values of K for stability is 0 < K < 1,49,
(b) Yes, the system can be marginally stable, for the marginal value of K, 1.e. for 2 x 149

- 20K = 0, i.e. for K = 1.49. To obtain the frequency of sustained oscillations,
substitute this critical value of K in the auxiliary equation formed by using the
coefficients of the row just above the row which gives the critical value of K and
solve it, i.e.

Le. Als) = 14952 + K =10
e, 14952 + 1.49 =0

4
s=ij,||£:tjm:-l_—jﬂ.3]ﬁ

Therefore, the frequency of sustained oscillations is 0.316 rad/s.
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Example 511 A unity feedback system has the following open-loop transfer function:

Discuss the stability of the system in terms of the parameter K.
Solution: Given
Ks(35 4+ 1)

Gls)=———— His)=1
S+ 25 +3

The characteristic equation is
1 + Gis) His) =0

. Ks(3s+1

i.e. I+=—;ﬂ‘~——-~}—:ﬂ
§° 2543

1.e. 2+ +3+ 3K+ Ks=0

I.e. 33{35{ + 1)+ s5(K+2)y+3=10

This is a second-order system. For the second-order system to be stable, it is sufficient that
all the coefficients of the characteristic equation must be real and positive. Therefore,

JK+1>0
e, K=-1/3
and K+2>0
1.€. K=>=2

Since K the open-loop gain is positive, the system is stable for all positive values of K.

Example 512 The open-loop transfer function of a closed-loop system with unity feedback is

K

(r(5)= 5
(s+2Ms+4Xs +6s5+25)

By applying the Routh criterion, discuss the stability of the closed-loop system as a function
of K. Determine the values of K which will cause sustained oscillations in the closed-loop
system. What are the corresponding oscillation frequencies?

Solution: Given

(r{s) = KE Hin=1
(s+2)Ns+4Ms" +654+25)

The characteristic equation is

K
(s +2)s +4)s* +65+25) -

1+ (s)H(s)=1+ 0
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29,

26.

27.

28.

29,

3.

31.

3.

What is the necessary and sufficient condition for stability using the Routh method?

. The necessary and sufficient condition for stability of a system using the Routh method

is that, each term of the first column of the Routh array of its characteristic equation be
positive if gy > 0. If this condition is not met, the system will be unstable and the number
of sign changes of the terms of the first column of the Routh array corresponds to the
number of roots of the characteristic egquation in the right-half of the s-plane.

What conclusion can be drawn if the first element of any row of a Routh array is zero
when that row has at least one non-zero element?

. If the first element in any row of a Routh array is zero, when that row has at least one

non-zero element, it can be concluded that the corresponding system is unstable. It
indicates that there are roots either in the right-half of the s-plane or on the imaginary axis.

What conclusion can be made if there is a row of all zeros in the Routh array?

If there is a row of all zeros in the Routh array. it can be concluded that the corresponding
system is unstable. It indicates that there are symmetrically located roots in the s-plane
with respect to its origin (pair of real roots with opposite signs and / or pairi(s) of conjugate
roots on the imaginary axis and / or complex conjugate roots forming quadrates in the
s=plane).

What is an auxiliary polynomial? What is its order?

The polynomial whose coefticients are the elements of the row just above the row of zeros
in the Routh array is called an auxiliary polynomial. The order of the auxiliary polynomial
15 always even, It is a factor of the characteristic equation,

What information does the auxiliary polynomial give?

. The auxiliary polynomial gives the number and location of root pairs of the characteristic

equation which are symmetrically located in the s-plane.

What conclusion can be drawn about the stability of a svstem whenever difficulty 1 or
difficulty 2 arises?

. Whenever difficulty 1 or difficulty 2 arises, it can be immediately concluded that the

system is unstable.

What 15 quadrantal symmetry?

. Quadrantal symmetry means there are symmetrical roots in all four quadrants. This

happens when we have complex conjugate roots forming the quadrates in the s-plane.

What is difficulty 1 in Routh method? What does it indicate? How is it overcome?

. Difficulty 1 in the Routh method is that, the first element in any row of the Routh array

is zero while the rest of the row has at least one non-zero element. It indicates that the
system 18 unstable due to the presence of poles either on the imaginary axis or in the right
half of s-plane. Whenever difficulty 1 arises, all the elements in the next row become
infinite and Routh’s test fails. Only to find the number of roots in the right-half of the
s-plane, one should proceed with the formulation of the Routh array.
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33.

34,

35,

6.

Difficulty 1 is overcome by replacing the first element *0° by a small positive number &
and proceeding with the formulation of the Routh array; or replacing s in the characteristic
equation by 1/z and forming the Routh table on the modified characteristic equation in z.

What is difficulty 2 in the Routh method? What does it indicate? How is it overcome?

Difficulty 2 in Routh method is that, all the elements in any row of the Routh array are
zero. It indicates that the system is unstable due to the presence of svmmetrically located
roots with respect to the origin of the s-plane. Only to find the location of the roots one
should proceed with the formulation of the Routh array.

Difficulty 2 mayv be overcome by replacing the row of zeros by the coefficients of the first
derivative of the auxiliary equation formed by using the coefficients of the row just above
the row of zeros and proceeding with the formulation of the Routh array.

What are the advantages and drawbacks of the Routh stability criterion?

. The Routh stability criterion is an algebraic method to test the stability of control systems.

It 15 very simple because only the coefficients of the characteristic equation are to be
manipulated to determine the stability of a system. It can be used to determine the

condition for stability of linear feedback systems, but the drawbacks are as follows:

(a) For systems of order more than 6 or 7, it becomes cumbersome.

{b) It cannot be applied if the coefficients of the characteristic equation are complex.

{c) It is useful to find out only the absolute stability of a system.

{d) It is very cumbersome to obtain the relative stability of a system using this method.
It has to be repeatedly applied to determine the relative stability.

{e) For an unstable system, it can tell only how many roots of the characteristic equation
are in the right-half of the s-plane, but it cannot give the exact location of the roots.
Also it cannot tell whether the roots are real or complex.

How can vou determine the relative stability of a syvstem by using the Routh stability
criterion?

. The relative stability of a system can be determined quantitatively by finding the settling

time of the dominant roots of its characteristic equation. The settling time is inversely
proportional to the real part of the dominant roots. So the relative stability can be specified
by requiring that all the roots of the characteristic equation be more negative than a certain
value, i.e. all the roots must lie to the left of the lines s = —s(s, > 0). Modify the given
characteristic equation by shifting the origin of the s-plane to s = = by substituting
§ = z — oand apply the Routh criterion on the new characteristic equation. If the criterion
is satisfied, it implies that all the roots of the original characteristic equation are more
negative than -a.

What does the presence of negative terms during the formulation of the Routh array
mean?

The presence of negative terms during the formulation of the Routh array means that the
characteristic equation has one or more roots in the right-half of the s-plane and hence the
system is unstable.
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REVIEW QUESTIONS

. State and explain the Routh stability criterion.
. Show that the BIBO stability is satisfied if the impulse response g(f) is absolutely

integrable.

What are the difficulties that may be encountered in the formulation of the Routh array?
What do they indicate? How are they overcome?

Explain how relative stability of a system can be determined using the Routh criterion.

FILL IN THE BLANKS

The two notions of stability are essentially equivalent in systems.

2. A free stable system will be stable for any bounded input.

3. For a free stable gystem, there is no guarantee that the output will be bounded

10,

12.

13.
14.

. Roughly speaking stability in a system implies that small changes in

for a particular bounded input.

A linear time-invariant system is stable, if the following two notions of system stahility are
satisfied:

(a)

(b)

. and do not result in large changes in svstem output.

Stability 15 a term, whereas relative stability is a term.

. If all the roots of the characteristic equation have . then the impulse response

15 bounded and the system 15 stable,

If any root of the characteristic equation has a . the impulse response is
unbounded and the system is unstable.

. The settling time of poles is proportional to the real part of the poles.

A system is said to be absolutely stable with respect to a parameter of the system, if it is
stable for

A system is said to be conditionally stable with respect to a parameter of the system, if

it is stable for

The necessary as well as sufficient condition for the stability of and
order systems is that all the coefficients of the characteristic equation be real

and positive.

Stability 15 a very important characteristic of the response ol the system.

Whenever difficulty | or difficulty 2 arises in the formulation of the Routh array, it can
be concluded that the svstem is
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1.e. 5=

-12 £+/144 - 96 43
6

=-2% |—=-2%115
36

Therefore, the break points are s = —3.15 and s = —{0.85. Out of these two, s = .85
is the actual break point because the root locus exists there. s = —3.15 is not an actual
break point because the root locus does not exist there, and so It can be ignored.
The break angles at & = —0.85 are

o
T iIED

r 2

7. There is no need to compute the angles of departure and arrival as there are no complex
poles and zeros.

i

= +90°

8. The point of intersection of the root locus with the imaginary axis, and the marginal
value of K can be determined by applving the Routh criterion. The characteristic equa-
tion is

S UL i e

ie. P+ e+ B+ K=0

The Routh table is as follows:

i | 8
~ f
48 -
5! x 0
G
5 K

For stability, all the elements in the first column of the Routh array must be positive.
Theretore,

K>0
and 48 - K =1
8. K < 48

Therefore, the range of values of K for stability is
0 <K <48

The marginal value of K for stability is K, = 48. The frequency of sustained oscillations
is given by the solution of the auxiliary equation.

6l + K=0
i.e. 6+ K, =0
1.e. G-+ 48 =0

$ =-8
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or s=+ j\8 =+ j2.828

Therefore, the frequency of sustained oscillations is @ = 2.828 rad/s.
Alternative way: The characteristic equation i1s given by
S+ 652+ 85+ K=10

Substituting s = j@ in the above equation, we get
(jaf + 6(jw)® + 8(jm) + K = 0
i.e. —jw’ — 6w + B+ K =0
Equating the imaginary part to zero, we get
—w’ + R = 0
w = 8
or ) = q@ = 2828 rad/s
Equating the real part to zero, we pet
K—-6a' =10
K=06a'=06x8=48

The values of @ and A are the same as obtained earler.

The complete root locus sketch 1s shown in Figure 6.12. The root locus has three branches.
The branch starting at 5 = —4 travels to the left on the negative real axis and terminates at
5 = —e=, The branch starting at 5 = 0 moves to the left, the branch starting at s = -2 moves to
the right, both meet at 5 = —0.85 (break point) break away and enter the complex plane and cross
the imaginary axis at @ = £2 828 with K = 48, cross over to the right-half of the s-plane and
travel along the asymptotes at 60° and 300" and terminate at s = o=,

For damped oscillatory response, the dominant poles must be complex conjugate of each other.
The value of K at the break point can be determined by using the magnitude condition. So,

K (at break point) = 0.85 x 1.15 x 3.15 = 3.08

The difference between the values of K at the break point and at the point of intersection
of the root locus with the imaginary axis gives the range of & for which the system has damped
oscillatory response. From the graph it is

308 < K <48
To find the value of K for £ = 0.5,
B=cos' &=cos' 0.5 =60°

Draw a line making an angle of #= 60° with respect to the negative real axis. Let it intersect
the root locus at 4. Since there are no open-loop zeros, the product of phasor lengths drawn
from 4 to all the open-loop poles gives the value of K at 4. Therefore, K for £= 0.5 is

K=xyz=13x18x35=8.19
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S0
S Asymptote

Asympiote g
- -
oo a— § f
$=24.56 K=0 : !
B ! % | [,
K=%19 centroid % : Break away point
Y i 5 =—.85
"-." : .F: - 3“H
1‘.\. i
5=-0.67 - jl1.67

K=81%

Figure 6.12 Example 6.5; Root locus.

w=-2.828
K =48

: . Asymptote

To determine the closed-loop transfer function for £ = 0.5, find K for £ = 0.5 and locate
the pair of complex poles at the point of intersection of constant & (£ = 0.5) line with the root
locus. From the root locus plot, it is —0.67 + f1.16. The second root is the conjugate of the first
one. So it is —0.67 — j1.16. The third root will lie on the third branch of the root locus and can
be determined by trial and error method (satisfying the magnitude condition). From the root
locus plot it is s = —4.56 at B, Therefore, the closed-loop transfer function is

C(s)

3.19

Rix) i (3 4+ 067+ jl.16)}s +0.67 — jl.16)}s + 4.56)

Example 6.6 A unity feedback system has an open-loop transfer function

G(s)H (5} =— X

{5+ 2)

(a) By sketching a root locus plot, show that the system is unstable for all values of K.

(b) Add a zero
system.

at 5 =

-a (0 = a < 2) and show that the addition of a zero stabilizes the



358

Control Systams

(e} 1fa=1,sketch the root locus plot. Find the value of K which gives the greatest damping

ratio for the oscillatory mode. Find also the value of this damping ratio and the
corresponding undamped natural frequency.

Solution:

(a) For the given open-loop transfer function Gis)H(s):

The open-loop poles are at s = 0, s = (0 and 5 = -2, Therefore, n = 3.

There are no finite open-loop zeros. Therefore, m = (.

S0, the number of branches of root locus = 7 = 3 and the number of asymptotes
=rp-m=3-0=3,

The complete root locus is drawn as shown in Figure 6.13, as per the rules given below.

]

. The root locus exists on the real axis to the left of 5 = =2,

All the open-loop poles and zeros are on the real axis itself. So the root locus will be
symmetrical with respect to the real axis.

The three branches of the root locus start at the open-loop poles s =0, s = U and 5 = -2,
where K = (0 and terminate at the open-loop zeros § = oo, § = oo and § = oo, where K = oo,

There are three asymptotes and the angles of the asymptotes are

(2g + )7
ﬂq=—.q“l]. 1, 2
n—Im
. ; 3T x}, 4
1.2 g=—, f=—=g, # =__
A ST aill

The point of intersection of the asymptotes on the real axis (centroid) is given by

- sum of real parts of poles — sum of real parts of zeros o (0+0-=-2)—( 0,656
number of poles — number of zeros N 3—-0 -

-

The break points are given by the solution of 45 =1

ils
K
G(s)H (5)| = |——— =1
5°(s+2)
K=3s4s+2)

L s +2)] =3+ 4s =0
dls

Therefore, the break points are at s = 0 and & = —4/3,
Out of these two, s = 0 is the actual break point. s = —4/3 is not an actual break point
because the root locus does not exist at that point and hence can be ignored.
The break angles at s = 0 are
T 180°
T—=x

r

= 150°
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7. There are no complex poles and zeros, Therefore, there is no need to compute the angles
of departure and arrival.

8. The point of intersection of the root locus with the imaginary axis and the critical value
of K are obtained by using the Routh criterion, The characteristic equation is

1 + Gis)H(z) = 0

Le. I+EL=53+ZSE+K:'D

5 (s4+2)
In the characteristic equation, the coefficient of ¢ = 0. Hence, the necessary condition
for stability is not satisfied and so the system is unstable for all values of K.
The complete root locus sketch is shown in Figure 6.13. There are three branches of the
root locus. The branch starting at s = -2, travels to the left on the negative real axis and
terminates at 5§ = —=. The other two branches start at s = 0, break away at 5 = 0 itself
and remain in the right-half of the s-plane only and terminate at 5 = o=, S0 the system
1s always unstable.

¢
-

in_.i'-'l"-l.:' L "'-'!'n!i}-'m]'.ri[:nlc

centroid #
E;’ Breakaway point
Asymplote X "\Iﬂ":’f
D — - =
oe—f -2 S0 666 o
3

h:ﬂ-mpmm
Figure 6.13 Example 6.6(a): Root locus.

{(b) When a zero is added at s = —a (0 = @ < 2), the open-loop transfer function is

K(s+a)

.'EEII'.'I-I-E}

is)H(5)=

Therefore. n=3 andm=landn-m=3-1=2,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



Rool Locus Tachnigue

403

6.9

6.10

6.11

6.12

6.13

6.14

6.15

6.16

6.17

Draw the complete root locus for a system with

Kiz+05)0z+2)
sis+1Ms-=D

(ris)H(s)=

Draw the complete root locus for a system with

2K(s+ 3)

Gis)H (5)= o
s +254+2)

Draw the complete root locus for a system with

({5 H(s5) = M
(x4 20

Sketch the root locus for the system with

K
#(57 +635 +13)

G(s)H(5) =

Sketch the root locus for the system with

Ki(s+2Ms+3)

(r{s)H(s5) =
) (s + (s~ 1)

Show that part of the root locus is a circle.

sketch the root locus of the unity feedback system with open-loop transfer function
“3
Gls) = E{.¢+;}
(5 +1)

Show that part of the root locus is a circle. Find &, and the corresponding value of K.
Also find the transfer function for this &,,,. Determine the range of values of K for which

the system is (a) overdamped, (b) critically damped and (c) underdamped.
A unity feedback control system has an open-loop transfer function

(G(5) = —
s +45+13)

Sketch the complete root locus of the system.

Sketch the root locus for the control system with
Kis+4)
C{s)H(s)=—"—
(i s 44548

Show that part of the root locus is a circle.
Sketch the root locus of the open-loop transter tunction

K(s® +6s+25)
ss+1s+2)

Gis)His) =

as K varies from zero to infinity.



Frequency Response Analysis

7.1 INTRODUCTION

Earlier, we have discussed that there are several standard test signals used to study the
performance of control systems (viz. impulse, step. ramp, parabolic, and sinusoidal). Out of
these, the sinusoidal signal is the most important one. Most of the signals available In nature
are of sinusoidal type. The response of a syvstem may be time response or frequency response,
For time response, the input may be impulse, step, ramp or parabolic. For frequency response,
the input must be sinusoidal. Consider a linear system, with a sinusoidal input.

r{r) = A sin @i

Under steady-state, the system output as well as the signals at all other points in the system
are sinusoidal, The steady-state out may be written as

o(f) = B sin (at + @)

The magnitude and phase relationship between the sinusoidal input and the steady-state
output of a system is termed the frequency response. In linear time-invariant systems, the
frequency response is independent of the amplitude and phase of the input signal.

The frequency response test on a system or a component is normally performed by keeping
the amplitude 4 fixed and determining B and ¢ for a suitable range of frequencies.

The advantages of frequency response analysis are as follows:

1. Signal generators and precise measuring instruments are readily available for various
ranges of frequencies and amplitudes.

2. The ease and accuracy of measurements is another advantage of the frequency response
method.

3. Wherever it is not possible to obtain the form of the transfer function of a system
through analytical techniques. the necessary information to compute its transfer function
can be extracied by performing the frequency response test on the system. The siep
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response test can also be performed easily, but the extraction of transfer function from
the step response data is quite a laborious procedure.

4. The design and parameter adjustiment of the open-loop transfer function of a system for
a specified closed-loop performance is carried out some what more easily in frequency-
domain (i.e. through frequency response) than in time-domain (i.e. through time
FESponse).

5. The effects of noise disturbance and parameter variations are relatively easy 1o visualize
and assess through frequency response.

6. If necessary, the transient response of a system can be obtained from its frequency
response through the Fourier integral. This correlation between time and frequency
response is quite tedious to compute except for first- and second-order systems. Usually,
for the sake of simplicity and ease of analysis, the correlation between frequency and
time response of a second-order system is employed as an approximation to higher-order
syvstems as well. Through the use of this approximate correlation, a satisfactory transient
response for higher-order systems can be achieved by the adjustment of their frequency
response,

The drawbacks of frequency response method are as follows:

I. For systems with very large time constants, the frequency response test is cumbersome
to perform, as the time required for the output to reach the steady-state for each fre-
quency of the test signal 1s excessively long. Therefore, the frequency response test 1s
not recommended for svstems with very large time constants.

2. The frequency response test obviously cannot be performed on non-interruptable
systems. Under such circumstances, a single shot test (step or impulse) is more
convenient even though the computation of the transfer function from it gets involved.

An interesting and revealing comparison of frequency and time-domain approaches is based
on the relative stability studies of feedback svstems. The Routh stability criterion is a time-
domain approach, which establishes with relative ease the stability of a system, but its adoption
to determine the relative stability is involved and requires repeated application of the criterion.
The root locus method is a very powerful time-domain approach as it reveals not only stability,
but also the actual time response of the system. On the other hand, the Nyquist criterion is a
powerful frequency-domain method of extracting the information regarding stability as well as
relative stability of a syvstem without the need to evaluate the roots of the characteristic equation.

The frequency response is easily evaluated from the sinusoidal transfer function which can
be obtained simply by replacing s with j@ in the system transfer function 7{s). The transfer
function 7{jew) thus obtained, is a complex function of frequency and has both magnitude and
phase angle. These characteristics are convenienently represented by graphical plots.

7.2 CORRELATION BETWEEN TIME AND FREQUENCY
RESPONSE

The correlation between time and frequency response has an explicit form only for systems of
first- and second-order.
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Nyquist Plot

8.1 INTRODUCTION

The Nyquist stability criterion relates the location of the roots of the characteristic equation to
the open-loop frequency response of the system. In this. the computation of closed-loop poles
15 not necessary to determine the stability of the system and the stability study can be carried
out graphically from the open-loop frequency response., Therefore, experimentally determined
open-loop frequency response can be used directly for the study of stability, when the feedback
path is closed.

The Nyqguist criterion has the following features that make it an alternative method that is
attractive for the analysis and design of control systems.

I. In addition to providing information on absolute and relative stabilities of a system, it
can also indicate the degree of instability of an unstable system. It also gives indication
on how the system stability may be improved, if needed.

2. The Nyquist plot of G(s)H(s) is very easy o obtain especially with the aid of a
compuler.

3. The Nyquist plot of (f(s)H(s) gives information on the frequency-domain characteristics
such as M,, @, BW, and others with ease.

4. The Nyquist plot is useful for systems with pure time delay that cannot be treated with
the Routh criterion and are difficult to analyze with the root locus method.

Stability problem: The Nyquist criterion represents a method of determining the location of
the characteristic equation roots with respect to the lefi-half and the right-half of the s-plane.
Unlike the root locus method, the Nyquist criterion does not give the exact location of the
characteristic equation roots, The Nyquist stability criterion is based on a theorem of complex
variables due to Cauchy, commonly known as the principle of argument.

Stability conditions: We define two types of stability with respect to the system
configuration.
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Nyquist Plot 483

Open-loop stability: A system is said to be open-loop stable if the poles of the loop transfer
function (r(s)H(s) are all in the lefi-half of the s-plane. For a single loop system, this is
equivalent to the svstem being stable when the loop is opened at any point.

Closed-loep stability: A system is said to be closed-loop stable, or simply stable, if the poles
of the closed-loop transfer function, i.e., the zeros of 1 + G(s)H(s) are all in the left-half’ of the
s-plane. Exceptions to the above definitions are systems with poles or zeros intentionally placed
at s = 0,

8.2 PRINCIPLE OF ARGUMENT

Consider a function g{s) that can be expressed as a quotient of two polynomials. Each
polynomial may be assumed to be known in the form of product of linear factors indicated as
follows:

(s =—an s —ay)... (5 —0x, )

=B =Bo) (5= B)

Let & be a complex variable, represented by x = ¢ + jw on the complex s-plane. Then the
function g(s) is also complex (being a dependent variable) and may be defined as g{s) = w + jv
and represented on the complex gis) plane with coordinates & and v. Equation (8.1) indicates
that for every point s in the s-plane at which gis) is analytic [A function ¢(s) is said to be
analytic in the s-plane provided the function and all its derivatives exist. The points in the
s-plane where the function {or its derivatives} does not exist are called singular points. The
poles of a function are singular points.], we can find a corresponding point g(s) in the g(s)-
plane. Alternatively, it can be stated that the function g{s) maps the points in the s-plane into
the g(s)-plane. Since any number of points in the s-plane, can be mapped into the g{s)-plane,
it follows that for a contour in the s-plane which does not go through any singular point, there
corresponds a contour in the g(s)-plane as shown in Figure 8.1. The region to the right of the
closed contour is considered enclosed by the contour when the contour 15 traversed in the
clockwise direction. Thus the shaded area in Figure 8.1(a) is enclosed by the closed contour,

(8.1)

qis)=

Jerg . s-plane

5| A v
5y
2 gl s )-plane
5
iy
.
ii5;)
! ils;)
3
® o glsy)
Arbitrarily chosen Corresponding
s-plane contour gis)-plane contour

Figure 8.1 Arbitrarily chosen s-plane contour which does not go through singular points and the
corresponding g(s)-plane contour.
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While developing the Nyguist criterion, we are not interested in the exact shape of the
g(s)-plane contour. An important fact that concerns us is the encirclement of the origin by the
gls)-plane contour. To investigate this, consider an s-plane contour shown in Figure 8.2(a) which
encloses only one of the zeros of g(s). say s = a;. while all the poles and remaining zeros are
distributed in the s-plane outside the contour. As discussed above, for any non-singular point s
in the s-plane contour, there corresponds a point ¢(s) on the g(s) plane contour. The point g(s)
is given by

|.¥—£I'1 ||3_'ﬂ'2|....

= Bills=Bal--
Lgs) = Ls— )+ Lis — o) + ... - Lis - B) - Li(s - ) - ...

lq(s)]=

From Figure 8.2(a) it is found that as the point s follows the prescribed path (i.e. clockwise
direction) on the s-plane contour, eventually returning to the starting point, the phasor (s — @)
generates a net angle of =2z, while all other phasors generate zero net angles. Therefore, the
gi{s)-phasor undergoes a net phase change of <2x This implies that the tip of the g(s)-phasor
must describe a closed contour about the origin of the g(s)-plane in the clockwise direction. As
said earlier, the exact shape of the closed contour in the g(s)-plane is not of interest to us, but
it 1s sufficient for us to observe that this contour encircles the origin once,

Jiih & s-plane

& v

gi%)-plane

=]

1'1.
&
o

o zeros of gis)
w poles of gis)
(a) ib)

Figure 8.2 An s-plane contour enclosing a zero of g{s) and the corresponding g(s)-plane contour.

It the contour in the s-plane does not enclose any zero or pole, the corresponding contour
in the g(s)-plane then will not encircle the origin. If the s-plane contour encloses two zeros, say
at 5 = ¢y and 5 = a, the g{s)-plane contour encircles the origin twice in the clockwise direction
as shown in Figure 8.3(b). Generalizing, we can say that for each zero of g(s) enclosed by the
s-plane contour, the corresponding g(s)-plane contour encircles the origin once in the clockwise
direction.
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&
fard s-planc gls)-plane
o
- (- v
o el i
o
(a) (b)

Figure 8.3 An s-plane contour enclosing two zeros of g(s) and the corresponding g{s)-plane contour.

If the s-plane contour encloses a pole (at 5 = f,) of g(s). the phasor (s — f,) generates an
angle of -2 as s traverses the prescribed path. Since the pole term (s — /) is in the denominator
of g(s). the g{s)-plane contour experiences an angle change of +2x which means one
counterclockwise encirclement of the origin. This argument holds for all other poles of g(s).

If the s-plane contour encloses two poles say at s = 8, and s = f, the g(s)-plane contour
encircles the origin twice in the counterclockwise direction as shown in Figure 8.4,

Jva
gls)-plane

i S-pl.a:; /w
)
B NS

{a) (b}
Figure 8.4 Mapping of the s-plane contour which encloses two poles.

=1

Thus, if there are P poles and £ zeros of g(s) enclosed by the s-plane contour, then the
corresponding gis)-plane contour must encircle the origin £ times in the clockwise direction and
P times in the counterclockwise direction, resulting in a net encirclement of the origin, (P — £)
times in the counterclockwise direction. For example, in case of two zeros and four poles
enclosed by the s-plane contour, the net encirclement of the origin by the g(s)-plane contour is
2r (4 — 2) = 4x rad, i.e. two counterclockwise revolutions as shown in Figure 8.5(a) and
Figure 8.5(b). This relation between the enclosure of poles and zeros of g(s) by the s-plane
contour and the encirclements of the origin by the gis}-plane contour is commonly known as
the principle of argument.
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The following systems are not completely state controllable:
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10.10.2 Condition for Complete State Controllability in the s-Plane

The condition for complete state controllability can be stated in terms of transfer functions or
transfer matrices.

A necessary and sufficient condition for complete state controllability is that no cancellation
occurs in the transfer function or transfer matrix. If cancellation occurs, the system can not be
controlled in the direction of the cancelled mode.

10.10.3 Output Controllability

In the practical design of a control system, we may want to control the output rather than the
state of the system. Complete state controllability is neither necessary nor sufficient for
controlling the output of the system. For this reason, 1t is desirable to define separately complete
output controllability.

The system described by

%)= Axit) + Bult)

vii)=Cxit) + Dulr)
is said to be completely output controllable, if it is possible to construct an unconstrained
controlled vector u(f) that will transfer any given initial output y(#y) to any final output y(r/ in
a finite time interval 1, =1 < 15

The condition for complete output controllability is — the system described by the state
model

xt)=Axit)+ Bult)
vit)=Cx(t)+ Duit)
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is completely output controllable, it and only if the m % (7 + 1) matrix
[CB CAB CA’B .. CA™'B D]

15 of rank m. where m is the number of outputs,
The presence of the Du term in the output equation alwavs helps to establish controllability.

Uncontrollable system: An uncontrollable system has a sub-system that is physically
disconnected from the input.

Example 10.35 Determine whether the system described by the state equation

X 0 1 0] x 0
X =10 0 1 ||x|+]0]|u
-t_-:. o0 -2 -3 .1'3 1

is completely state controllable.

Solution: First transform this state equation into canonical form. The characteristic
equation is given by

A -1 D
JAI-Al=[0 4 -1 |[=2 4327 +20+2=AA+ 1A +2)=0
0 2 A+3
Therefore, the eigenvalues are A; = 0, A» = -1 and A3 = 2. Since the eigenvalues are

distinct, choosing Vander Monde matrix as modal matrix, we have

1 1 1 1 1 1
M=|4 4 4 |=|l0 -1 -2
A A Al L0 1 4
T T iy i ST |
-3 4 -] 0 4 2
e |2 1) | 00 of A
= -2
B A S I 27 I 1/2
0 4 2 . -1
e s | 1 ][] B
=7 =
-2 -3 -1/|0 1 0fl1 1 1 0 0 0
M'lr\.M=—? 0 4 210 ] 1o -1 =2|={0 -1 0
o -1 -1)l6 2 =3jlo 1 4] |0 O -2
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Solution: Caven the matrices A and B

AB

]
=
=
=
I
=

1 -4 3]|3] [10
The controllability matrix is
o 1 4
S=[B AB A’B]=|0 0 0
1 3 10

which 1s singular (the rank r = 1). Thus the svstem 15 not completely state controllable,
For the given matrices A, B, and C

[0
CB=[1 1 0]|0{=0
B!
1 2 t]fo
CAB=[1 1 0)j0 1 of0f[=-1
1 -4 3|1
[ 4
CAB=[1 1 0] 0|=4
10

The rank of [CB CAB CAB]=[0 -1 4] is 1 (=m).
Thus, the system is completely output controllable.

10.11 OBSERVABILITY OF LINEAR SYSTEMS

A system is completely observable, if every state variable of the system affects some of the
outputs. In other words, it is often desirable to obtain information on the state variables from
the measurements of the outputs and the inputs. If any one of the states cannot be observed from
the measurements of the output, the state 15 said to be unobservable and the system 15 not
completely observable or simply unobservable. Figure 10.33 shows the state diagram of a linear
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32,
A,

33.
A,

34.

35.

J6.

37.

38,

39.

41.
l&!

How do vou prove the invariance of eigenvalues?

The invariance of the eigenvalues under a linear transformation can be proved by showing
that the characteristic polynomials | Al — A| and | Al — P-'AP| are identical.

When do vou say that the state model is stable?

The state model is said to be stable if all its eigenvalues have negative real parts.

What is the relation between the eigenvalues of the state model and the poles of the system
transfer function?

. The eigenvalues of the state model and the poles of the system transfer function are the

Same.,

Under linear transformation of a state model, which parameters of the system are
invariant?

. In linear (similarity) transformation of the state model, the characteristic equation, eigen-

values, eigenvectors and the transfer function are all preserved. i.e. they are all invariant
under a linear transformation.

How can you obtain the transfer function of a system from its state model?

. The transfer function of a system can be obtained from its state model by using the

formula
Ci5)

=C[sI-AT'B+D
Riz)

Given its state model, how can you determine the stability of a system?

. Since the eigenvalues of the system matrix A are the same as the roots of the characteristic

equation which are nothing but the poles of the closed-loop transfer function, the stability
of a system represented by its state model can be determined by determining the location
of the eigenvalues.

When do vou say that the system is completely state controllable?

. A svstem is said to be completely state controllable at time #;, if it is possible by means

of an un constrained control vector u(f) to transfer the system from an initial state x(fg)
to any other desired state x(f) in a finite interval of time.

When do vou say that the system is completely output controllable?

. A system is said to be completely output controllable, if it is possible to construct an

unconstrained control vector u(f) that will transfer any given initial output y({fz) to a final
output ¥(f) in a finite time interval f, = 7 = 15

When do vou say that the system is observable?

A system is said to be observable at time ry, if with the system in state x(f;), it 1s possible
to determine this state from the observation of the output over a finite time interval.
Who introduced the concepts of controllability and observability?

The concepts of controllability and observability were mtroduced by Kalman.
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42.

-

> &

45.

47.
A.

48.
A,

49.

o oda R b =

What is the necessary and sufficient condition for state controllability of a system?

. The necessary and sufficient condition for complete state controllability of a svstem as per

Kalman is that the rank of the controllability matrix S, = [B AB A’B ... A™'B] should
be n.

. What is the necessary and sufficient condition for output controllability of the system?
. The necessary and sufficient condition for output controllability of a svstem is that the

rank of the matrix [CB CAB ... CA"'B D] should be m.

What is the necessary and sufficient condition for observability of a system?

. The necessary and sufficient condition for complete state observability of a system as per

Kalman is that. the rank of the observability matrix [C" ATCT ... (A7yY"'C"] should be n.

State the duality property.

. Duality property is that {a) the pair (AB) is controllable implies that the pair (A'B") is

ohservable and (b) the pair AC is observable implies that the pair (A'C") is controllable,

What is the implication of pole-zero cancellation in a transfer function on controllability
and observability?

. If the input-output transfer function of a linear system has pole-zero cancellation, the

system will be either uncontrollable or unobservable or both depending on how the state
variables are defined. If the input-output transfer function of a linear system does not have
pole-zero cancellation, we are assured that it is a controllable and observable system, no
mater how the state variable model is defined.

When is the system always observable?

A system 15 always observable if 1t can be described in observable phase vanable form.

When is the system always controllable?
A system is always controllable if it can be described in controllable canonical form.

What do you mean by an uncontrollable system?

. An uncontrollable system is a system which has a sub-syvstem that is physically

disconnected from the input.

REVIEW QUESTIONS

Discuss the methods of decomposition of transfer functions.

Derive an expression for the solution of a homogeneous state equation.
Derive an expression for the solution of a non-homogeneous state equation.
Show that the eigenvalues are invariant under a linear transformation.
Obtain the transfer function of a system from its state model.
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FILL IN THE BLANKS

The two basic approaches to the analysis and design of control systems are
and

. The transfer function appracach is also called the or and the

2
state variable approach is called the

3. The transfer function approach is applicable only to whereas the state
variable approach can handle as well as ; as well as

. and as well as systems,

4. The transfer function approach the initial conditions whereas the state
variable approach the initial conditions.

5. The transfer function approach is a approach whereas state variable approach
isa _ approach.

6. Classical design methods are based on procedure,

7. The state vanables of a system are not

8. The of a system is not unique, whereas the ~of a system 1s
unique.

9, The number of elements in the state vector is refered to as the of the system.

10. To obtain a state model for electrical networks and the are
selected as the state variables.

i1. In state variable formulation, the are selected as the state variables.

12. In state-space analysis, three types of variables are involved in the modelling of dynamic
systems. They are ; and

13. The number of state variables to completely define the dynamics of the system is equal
to the number of involved in the system.

14. in a continuous time control syvstem serve as memory devices.

15. The state of a system refers to the 2 and conditions
of the system.

16. Xx(f)= Ax(r) + Bu(r) iz known as the of the system. A is called the

and B is called the :

17. v({f) = Cx() + Du(f) 15 known as the of the system. C 15 called the
~ agnd D is called the

18. The state equations are a set of first-order differential equations, wherein the first
derivatives of the state variables are expressed in terms of the and the
~ of the system.

19. The output equations are the equations in which the outputs of the system are expressed

in terms of the and the of the system.
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L

OBJECTIVE TYPE QUESTIONS

{a) only linear time-invariant systems

. The transfer function approach is applicable to

(b) linear time-invariant as well as time-varying systems

(c) linear as well as nonlinear systems

(d) all systems

. The state variable approach is applicable to
{a) only linear time-invariant systems

(b) linear time-invariant as well as time-varying systems

(c) linear as well as nonlinear systems

(d) all systems

. The number of state variables of a system is equal to

{a) the number of integrators present in the system
{b) the number of differentiators present in the svstem

(c) the sum of the number of integrators and differentiators present in the svstem

{d) none of these

Using state variables, an nth-order differential equation can be decomposed into

{a) n number of first-order differential equations
{(b) m'2 number of first-order differential equations
(c) unlimited number of first-order differential equations

(d) none of these

X(1) = Ax(f) + Buif) is called the
(a) svstem eguation

(c) state transition equation

. A is called the

{a) system matrix
(c) state matrix
D is called the

{a) system matrix

{c) transfer matrix

The number of canonical forms is
(a) 2

(c) 4

(h) state equation
{(d) none of these

(b) input matrix
(d) transmission matrix

{(b) transmission matrix
(d) output matrix

(b) 3
(d) 5

The number of ways in which STM can be computed is

(a) 2
(c) 5

(b} 3
(d) 6
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10. d(x) is called the
(a) state transition maltrix (b} resolution matrix
(c) resolvent matrix (d) transfer matrix
11. An n x » matrix is said to be nonsingular if the rank of the mairix r is
(@) r#n byr=n
(c) r = n2 (d) r = 2n
12. Direct decomposition is applicable to transfer functions in which

{a) denominator is in factored form

(b} both numerator and denominator are in factored form

(¢) both numerator and denominator are not in factored form
(d) all the above

13. The eigenvalues of the state model are the same as the

(a) open-loop poles

(b) closed-loop poles

{c) both the open-loop and closed-loop poles
(d) none of these

14. The concepts of controllability and observability were introduced by
(a) Gilbert {(b) Gibson

{¢) Kalman {d) none of these
Answers to Objective Type Questions
l.a 2.d 3.a 4.a 5b 6.a 7.b 8.d 9.¢ 10.¢ 11.b 12.¢ 13. b 14.¢

PROBLEMS

10.1 A feedback system has a closed-loop transfer function

10(s + 3) 5 5 o L+ D0 +3)s +5)
s(5+2)s+4) (s+1)(s+2)° (5+2)s +4)s+6)

Construct three different state models for this system and give block diagram
representation for each state model.

10.2 Using parallel decomposition, construct state models for the systems represented by

s+ 4 1 Six+1
W (b) s (¢) —ot2
(s+1ris+27(s+3) s{s+1y(s5+2) s(s+3)

10.3 Construct state models for the following differential equations

!

I
(a) 2V +3¥+5y+2v=u (b) 33'+5j5+331'+}'{:}+j }-{r}dr=_[ u(T)dr
: N ]
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Absolute stability, 277
AC closed-loop control system, 13
AU servomolor

construction of, 13

transfer function of, 76
Acceleration error constant. 188
All-pass systems, 443
All-pass transfer function, 443
Analogous quantitics, 28
Analogous svstems, 28
Analogy

force (lorque)-current, 28

force (torque)-voltage, 28
Analvic function, 483
Angle of arrival, 344
Angle of departure, 344
Armature-controlled dc servomotor, 66
Asymptotic stability, 272
Automatic reset, 539
Automatic ank level control system, 11

Bandwidth, 410, 412, 452
BIBO stability, 272-273
Block diagram, 98, 104
algebra, 99
branch point, 100
closed-loop system, 100
procedure for drawing, 104
reduction, 103
summing points, 104}
take-off point, 10U
Block diagram method, 116
Block diagram reduction rules. 106

Index

Bode plot. 428
advantages, 428, 448
basic factors, 428
break frequency, 433
comer frequency, 433
decade. 428
decibels. 428
disadvantages, 448
gain adjustment, 44%
gain crossover frequency, 442
@ain margin, 442
octave, 428
phase crossover frequency, 442
phase margin, 442
procedure for constructing, 439
relative stability, 447
Bounded-input bounded-output stability, 272-273
Branch, L09
Break angles, 340
Break frequency, 433
Break-in points, 340
Breakaway points, 340

Cascade compensation, 534

in frequency-domain, 543
Cascade decomposition, 603, 609
Caylev-Hamilton theorem, 633
Centroid, 340
Characteristic equation, 30-31
Closed-loop control system, 4, 6, LG
Closed-loop frequency-response, 451
Closed-loop stability, 483
Closed-loop system. 3

695
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Compensation

cascade, 534

feedback, 534

lag-lead. 555

lead, 544

parallel. 334

phase-lead, 346

series. 534
Compensalor

lag, 535

lag-lead, 535

lead, 535

realization of, 336

selection. 335
Complete state controllability, 656
Constant M Circles, 320
Constant W Circles, 521-522
Continuous-data control system, 7
Control system, |, 5

block diagram, 4

classification, 2

closed-loop. 4. b

open-loop, 3.6

lime response, 170

types, 3, 189
Controllable phase variable form, 659
Corner lrequency, 433
Cut-off frequency, 410
Cut-off rate, 452

Damped frequency, 412

Damping ratio, 443

Dash pot, 24

DC closed-loop control system, L3

DT motlors
clectromagnetic ficld, 66
permanent magnet. 63

DC servomotor, 65
armature=controlled, 66
field=controlled, 71

Decomposition of transfer functions, 603

cascade, 603, 609
direct, @03, 604
parallel, 603, 612
Delay time. 182
Derivative control, 232
Derivative feedback control, 234
Diagonal canonical form, 613
Diagonalization technigques, 617
Direct decomposition, 604
contrallable canonical form, 604

first companion form, 604
second companion form, 604
Discrete-data contro] systems, 8
Dominant poles, 193
Dominant roots, 314, 349
Dynamic equations, 378
Dynamic error coefficients, 192

Eigenvalues, 618

Eigenvectors, 619

Elcctric lag-lead network, 541
Electric lead network, 537

Electric phase-lag network. 539
Electrical svsiems, 26
Eleciromagnetic field de motors 66
Error constants, 187

Feedback, ¥
ctfect of feedback on sensitivity, LI

cffect of feedback on external disturbance or noise,

10

effect of feedback on overall gain, 9

effect of feedback on stability, 9
Feedback compensation, 534
Feedback control system, 4
Ficld-controtled do servomotor, 71
Forward path, 109
Forward path gain. 109
Free-body diagram. 24
Frequency response. 403, 412

advantages of, 403

drawbacks of, 406
Frequency-domain specifications, 451

bandwidth, 452

cul-off rate, 452

gain margin, 452

phase margin, 451

resonance peak, 451

resonant frequency, 408, 452
Friction, 23

Coulomb friction, 22

Coulomb friction force, 22

stiction, 22

viscous friction foree, 22

Giain crossover frequency, 442

Giain margin. 442, 446, 432, 509, 511
Giear trains, 30

Generalized ermor coefMicients, 192
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Proportional-plus-integral plus derivative control, 243

Ramp signal. 172
Rate control, 559
Rate feedback control, 234
Relative damping ratio. 194
Relative stability. 277, 314. 508
Resonance peak, 451
Resonant frequency, 408, 452
Resonant peak, 409, 411
Rise time, 182-183. 412
Root locus
concepts, 333
construction, 337
rules for the constructien. 338, 34%
Roots, determination, 348
Rotational svstems, 25
Routh 1able, 282283
Routh array, 282
Routh stability criterion, 282
application, 2498

Second order svsiems, 407
Self loop, 109
Series compensalion, 534
Servomechanism, 11, 64
Scrvomotor. 64, 75
ac, 13
dc, 65
Settling time. 183, 1HA
Signal flow graphs. 108, 110, 115
algebra, 113
basic properties, 113
branch, 109
construction, 109, 115
forward path, 109
forward path gain, 109
input node, 109
loop. 109
loop gain, 104
Mason’s gain formula, 110-111
methad, 116
mixed node. 109
node. 144
nontouching loops, 1049
output node, 0%
path, 109
path gain, 109
self loop, 109
sink, L9
spurce, 109

Similarity transformation, 617
Single-input-single-output systems, 29
Sink, 109
Sinusoidal transfer function, 32
source, LY
Spring, 23
Spring constant, 23
Stabaliny, 277, 653
absolute, 277
relative, 277, 314
Standard test signals, 171-172
impulse, 173
parabolic, 172
ramp, 172
step. 171
States, 572
equations, 577
State model for single-input-single-output linear, 575
State model of linear time-invariant svslems, 574
State model of the system, 578
State transition matrix (STM), 628
computation of, 630
cormputation by canonical transformation. 637
computation using Cavley-Hamilton theorem, 633
computation by infinite series method, 630
computation by Laplace transformation, 630
computation by Svlvester's method, 642
propertics of, 629
State variables, 572
State vector, 372
State-space equations, 573
State-space representation. 376, 390
phase variables, 590
physical variables, 576
Static error coeflicient, 192
Steadyv-state error, |83, 186187
type-0 system, 189
tvpe-1 system. 190
type-2 system, 190
Steady-state response, 170
Step signal, 171
Summing paoint, 69
Synchro, 77
contrel transformer, 79
emmor detector, 79
transmitter. I7
Svstem, |

Tachometer feedback control, 2314
Time and frequency response, correlation, 4446
Time constant, 174175
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